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Zm2H[m2b bmD2ib /2 i`B;QMQKûi`B2
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

LQmb �#Q`/QMb /Bp2`b i?ĕK2b /2 i`B;QMQKûi`B2 2M 2bTû`�Mi TQmpQB` /QMM2` mM b2Mb THmb +QM+`2i ¨
+2`i�BM2b 7Q`KmH2b- KāK2 bB 2HH2b M2 bQMi ûi�#HB2b B+B [m2 TQm` /2b �M;H2b �B;mbX G2b /ûKQMbi`�iBQMb
bQMi ûHûK2Mi�B`2b 2i bǶ�TTmB2Mi bm` /2b BHHmbi`�iBQMb Dm/B+B2mb2bX

R o�H2m`b /2b 7QM+iBQMb i`B;QMQKûi`B[m2b TQm` α = 36◦

PM +QMbB/ĕ`2 mM i`B�M;H2 BbQ+ĕH2 T`ûb2Mi�Mi mM +Ƭiû /2 HQM;m2m` R 2i mM �M;H2
QTTQbû /2 36◦X 1M i`�Ï�Mi U2M i`�BiBHHûbV b� #Bbb2+i`B+2 T�` `�TTQ`i ¨ mM /2b
/2mt �mi`2b �M;H2b- QM Q#iB2Mi /2mt i`B�M;H2b BbQ+ĕH2b �v�Mi +?�+mM /2mt +Ƭiûb
/2 HQM;m2m` RX G2 THmb T2iBi /Ƕ2Mi`2 2mt 2bi mM2 `û/m+iBQM /2 7�+i2m` a /m
i`B�M;H2 BMBiB�H- H� HQM;m2m` /2 bQM +Ƭiû `2bi�Mi p�mi /QM+ 1

a X PM � �BMbB H�
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2i H� bQKK2 /2b /2mt �M;H2b `2bi�Mib 2bi αX *QKK2 H2
i`B�M;H2 2bi BbQ+ĕH2 U�p2+ /2mt +Ƭiûb /2 HQM;m2m` RV-
+?�+mM /2 +2b /2mt �M;H2b 2bi /QM+ α

2 X G2 TQBMi M 2bi
H2 KBHB2m /m +Ƭiû AC 2i H2 i`B�M;H2 OCM 2bi `2+i�M;H2X
*QKK2 H� HQM;m2m` /2 bQM ?vTQiûMmb2 p�mi R- +2HH2b /2
b2b +�i?ĕi2b bQMi cos(α/2) 2i sin(α/2)X

1−1

1

O B

A

C E

M

1 cos(α)

si
n
(α

)

αα/2

.�Mb H2 i`B�M;H2 ABC- H2b 7Q`KmH2b ǳi�M@QTT@�/DǴ- ǳ+Qb@�/D@?vTǴ 2i ǳbBM@QTT@?vTǴ /QMM2Mi

RV tan
(α
2

)
=

sinα

1 + cosα

kV cos
(α
2

)
=

1 + cosα

2 cos(α/2)
- /QM+ cos2

(α
2

)
=

1 + cosα

2

jV sin
(α
2

)
=

sinα

2 cos(α/2)
- /QM+ sin(α) = 2 sin

(α
2

)
cos

(α
2

)

*QKK2 H2 i`B�M;H2 OAE 2bi BbQ+ĕH2- HǶ�M;H2 2M E p�mi 180◦−α
2 = 90◦ − α

2 X .�Mb H2 i`B�M;H2 `2+i�M;H2
ABE- HǶ�M;H2 2M A 2bi /QM+ 90◦ −

(
90◦ − α

2

)
= α

2 2i H� 7Q`KmH2 ǳi�M@QTT@�/DǴ /QMM2

9V tan
(α
2

)
=

1− cosα

sinα
- /QM+ sin(α/2)

cos(α/2)
=

1− cosα

2 sin(α/2) cos(α/2)
2i sin2

(α
2

)
=

1− cosα

2

�BMbB- bB QM +QMM�ŗi H2b p�H2m`b /2b 7QM+iBQMb i`B;QMQKûi`B[m2b TQm` mM �M;H2 �B;m α- QM T2mi +�H+mH2`

sin
(α
2

)
=

√
1− cosα

2
, cos

(α
2

)
=

√
1 + cosα

2
2i tan

(α
2

)
=

sinα

1 + cosα
=

1− cosα

sinα
.



6 Numéro 141 Septembre 2019

VSMP — SSPMP — SSIMF
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RV sin(22.5◦) =

√
2−

√
2

2
- cos(22.5◦) =

√
2 +

√
2

2
- tan(22.5◦) =

√
2− 1

kV sin(15◦) =

√
6−

√
2

4
- cos(15◦) =

√
6 +

√
2

4
- tan(15◦) = 2−

√
3

jV sin(18◦) =

√
2− φ

2
=

√
3−

√
5

8
- cos(18◦) =

√
2 + φ

2
=

√
5 +

√
5

8
- tan(18◦) =

√
5− 2

√
5

5

j *QK#BM�BbQMb /2 bBMmb 2i /2 +QbBMmb

SQm` mM �M;H2 �B;m α 2i /2b MQK#`2b TQbBiB7b a 2i b- QM
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2i " bQMi /QMMûb- �p2+ mM �M;H2 α 2i /2b ?vTQiûMmb2b
`2bT2+iBp2b a 2i bX G2 i`B�M;H2 * � mM +2`i�BM �M;H2 �B;m
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1M 7�Bi- HǶ�M;H2 ϕ 2bi 2MiBĕ`2K2Mi /û}MB UKQ/mHQ 360◦V T�` /2mt /2 +2b `2H�iBQMb 2i +2b 7Q`KmH2b `2bi2Mi
p�H�#H2b TQm` mM �M;H2 α 2i /2b MQK#`2b a 2i b [m2H+QM[m2bX

�TTHB+�iBQMX aB a = b = 1- �HQ`b tan(ϕ) = 1 /QM+ ϕ ∈ {45◦, 225◦}X *QKK2 cos(ϕ) > 0- QM � ϕ = 45◦X
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9 6Q`KmH2b /Ƕ�//BiBQM /2b �M;H2b

1M +QMbB/û`�Mi bBKTH2K2Mi a = cos(β) 2i b = sin(β) /�Mb H2b 7Q`KmH2b T`û+û/2Mi2b- QM �
√
a2 + b2 = 1

2i ϕ = βX PM `2i`Qmp2 �BMbB H2b `2H�iBQMb #B2M +QMMm2b ǳsin(α+ β) = sin(α) cos(β) + cos(α) sin(β)Ǵ 2i
ǳcos(α+β) = cos(α) cos(β)−sin(α) sin(β)ǴX LQmb TQmpQMb H2b ûi�#HB` /ǶmM2 �mi`2 K�MBĕ`2 2M +�H+mH�Mi
/2b �B`2b /2 i`B�M;H2b b2HQM H� 7Q`KmH2 ǳA = 1

2ab sin(γ)Ǵ �p2+ H2b MQi�iBQMb bi�M/�`/X
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1
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1
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1
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1
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_2K�`[m2X G2b 7Q`KmH2b /2b T�`�;`�T?2b j 2i 9 T2mp2Mi āi`2 T`ûb2Miû2b /�Mb HǶ�mi`2 Q`/`2X 1M /B@
pBb�Mi mM p2+i2m` MQM MmH

(
a

b

)
T�` b� MQ`K2- QM Q#iB2Mi mM p2+i2m` 1√

a2 + b2

(
a

b

)
/2 MQ`K2 R-

H2[m2H T2mi bǶû+`B`2 bQmb H� 7Q`K2
(
cosϕ
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)
TQm` mM +2`i�BM �M;H2 ϕX PM � �HQ`b

a sin(α) + b cos(α) =
√
a2 + b2

(
sin(α)

a√
a2 + b2

+ cos(α)
b√

a2 + b2

)

=
√
a2 + b2 (sin(α) cos(ϕ) + cos(α) sin(ϕ))
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√
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8 aQKK2 /2 bBMmb 2i /Bzû`2M+2 /2 +QbBMmb

PM �++QH2 /2mt i`B�M;H2b `2+i�M;H2b /Ƕ?vTQiûMmb2 R- HǶmM T`û@
b2Mi�Mi mM �M;H2 α 2i HǶ�mi`2 mM �M;H2 β ! αX G2 i`B�M;H2
`2+i�M;H2 ;`Bb 7QM+û /�Mb H2 b+?ûK� +B@+QMi`2 2bi mM /2KB@
i`B�M;H2 BbQ+ĕH2 [mB �/K2i mM �M;H2 α+β

2 X G2 +Ƭiû QTTQbû 2bi
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2

)
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ϕ = 90◦ − α+ β

2
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2
.

GǶ�M;H2 ϕ b2 `2i`Qmp2 /�Mb H2 i`B�M;H2 `2+i�M;H2 ;`Bb +H�B` ¨
/`QBi2 /m b+?ûK�X G2b `2H�iBQMb ǳ+Qb@�/D@?vTǴ 2i ǳbBM@QTT@
?vTǴ b2 i`�/mBb2Mi /2 H� K�MBĕ`2 bmBp�Mi2X
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β
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ϕ
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cosα
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=
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2
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2
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�TTHB+�iBQMX 1M +QMbB/û`�Mi H2b �M;H2b α = 45◦- α = 30◦ 2i α = 36◦- QM Q#iB2Mi

RV sin(22.5◦) =

√
2−

√
2

2
- cos(22.5◦) =

√
2 +

√
2

2
- tan(22.5◦) =

√
2− 1

kV sin(15◦) =

√
6−

√
2

4
- cos(15◦) =

√
6 +

√
2

4
- tan(15◦) = 2−

√
3

jV sin(18◦) =

√
2− φ

2
=

√
3−

√
5

8
- cos(18◦) =

√
2 + φ

2
=

√
5 +

√
5

8
- tan(18◦) =

√
5− 2

√
5

5

j *QK#BM�BbQMb /2 bBMmb 2i /2 +QbBMmb

SQm` mM �M;H2 �B;m α 2i /2b MQK#`2b TQbBiB7b a 2i b- QM
+QMbB/ĕ`2 H2 b+?ûK� +B@+QMi`2X G2b i`B�M;H2b `2+i�M;H2b �
2i " bQMi /QMMûb- �p2+ mM �M;H2 α 2i /2b ?vTQiûMmb2b
`2bT2+iBp2b a 2i bX G2 i`B�M;H2 * � mM +2`i�BM �M;H2 �B;m
ϕ- mM �M;H2 /`QBi 2i HǶ?vTQiûMmb2 r =

√
a2 + b2- +QKKmM

�p2+ H2 i`B�M;H2 `2+i�M;H2 . [mB �/K2i mM �M;H2 α+ ϕX
G2 b+?ûK� KQMi`2 H2b `2H�iBQMb bmBp�Mi2b ,

a sin(α) + b cos(α) =
√

a2 + b2 sin(α+ ϕ)

a cos(α)− b sin(α) =
√

a2 + b2 cos(α+ ϕ)

*

r
=

√ a
2
+
b2

a

b

�
a cosα

a
si
n
α

"

α

b
co
s
α

b sinα

.

r cos(α+ ϕ)

r
si
n
(α

+
ϕ
)

α
ϕ

Qɍ HǶ�M;H2 ϕ pû`B}2

tan(ϕ) =
b

a
, cos(ϕ) =

a√
a2 + b2

, sin(ϕ) =
b√

a2 + b2
.

1M 7�Bi- HǶ�M;H2 ϕ 2bi 2MiBĕ`2K2Mi /û}MB UKQ/mHQ 360◦V T�` /2mt /2 +2b `2H�iBQMb 2i +2b 7Q`KmH2b `2bi2Mi
p�H�#H2b TQm` mM �M;H2 α 2i /2b MQK#`2b a 2i b [m2H+QM[m2bX

�TTHB+�iBQMX aB a = b = 1- �HQ`b tan(ϕ) = 1 /QM+ ϕ ∈ {45◦, 225◦}X *QKK2 cos(ϕ) > 0- QM � ϕ = 45◦X
AH bǶ2MbmBi [m2 sin(α) + cos(α) =

√
2 sin(α+ 45◦) 2i cos(α)− sin(α) =

√
2 cos(α+ 45◦)X

9 6Q`KmH2b /Ƕ�//BiBQM /2b �M;H2b

1M +QMbB/û`�Mi bBKTH2K2Mi a = cos(β) 2i b = sin(β) /�Mb H2b 7Q`KmH2b T`û+û/2Mi2b- QM �
√
a2 + b2 = 1

2i ϕ = βX PM `2i`Qmp2 �BMbB H2b `2H�iBQMb #B2M +QMMm2b ǳsin(α+ β) = sin(α) cos(β) + cos(α) sin(β)Ǵ 2i
ǳcos(α+β) = cos(α) cos(β)−sin(α) sin(β)ǴX LQmb TQmpQMb H2b ûi�#HB` /ǶmM2 �mi`2 K�MBĕ`2 2M +�H+mH�Mi
/2b �B`2b /2 i`B�M;H2b b2HQM H� 7Q`KmH2 ǳA = 1

2ab sin(γ)Ǵ �p2+ H2b MQi�iBQMb bi�M/�`/X

RV a bα β =
a

b
cos(β

)

α
+

b

a
co
s(
α
)

β

1

2
ab sin(α+ β) =

1

2
ab cos(β) sin(α) +

1

2
ab cos(α) sin(β)

kV
a

b
α

β

=
a

b cos(α)

90◦ − β

−

a sin(β)

b

α

1

2
ab sin((90◦ − β)− α) =

1

2
ab cos(α) sin(90◦ − β) − 1

2
ab sin(β) sin(α)

PM +QM+Hmi �HQ`b 2M miBHBb�Mi H� `2H�iBQM sin(90◦ − γ) = cos(γ)X

_2K�`[m2X G2b 7Q`KmH2b /2b T�`�;`�T?2b j 2i 9 T2mp2Mi āi`2 T`ûb2Miû2b /�Mb HǶ�mi`2 Q`/`2X 1M /B@
pBb�Mi mM p2+i2m` MQM MmH

(
a

b

)
T�` b� MQ`K2- QM Q#iB2Mi mM p2+i2m` 1√

a2 + b2

(
a

b

)
/2 MQ`K2 R-

H2[m2H T2mi bǶû+`B`2 bQmb H� 7Q`K2
(
cosϕ

sinϕ

)
TQm` mM +2`i�BM �M;H2 ϕX PM � �HQ`b

a sin(α) + b cos(α) =
√
a2 + b2

(
sin(α)

a√
a2 + b2

+ cos(α)
b√

a2 + b2

)

=
√
a2 + b2 (sin(α) cos(ϕ) + cos(α) sin(ϕ))

=
√
a2 + b2 sin(α+ ϕ).

8 aQKK2 /2 bBMmb 2i /Bzû`2M+2 /2 +QbBMmb

PM �++QH2 /2mt i`B�M;H2b `2+i�M;H2b /Ƕ?vTQiûMmb2 R- HǶmM T`û@
b2Mi�Mi mM �M;H2 α 2i HǶ�mi`2 mM �M;H2 β ! αX G2 i`B�M;H2
`2+i�M;H2 ;`Bb 7QM+û /�Mb H2 b+?ûK� +B@+QMi`2 2bi mM /2KB@
i`B�M;H2 BbQ+ĕH2 [mB �/K2i mM �M;H2 α+β

2 X G2 +Ƭiû QTTQbû 2bi
sin

(
α+β
2

)
2i HǶ�M;H2 �B;m `2bi�Mi 2bi 90◦ − α+β

2 X PM �

ϕ = 90◦ − α+ β

2
− (90◦ − α) = α− α+ β

2
=

α− β

2
.

GǶ�M;H2 ϕ b2 `2i`Qmp2 /�Mb H2 i`B�M;H2 `2+i�M;H2 ;`Bb +H�B` ¨
/`QBi2 /m b+?ûK�X G2b `2H�iBQMb ǳ+Qb@�/D@?vTǴ 2i ǳbBM@QTT@
?vTǴ b2 i`�/mBb2Mi /2 H� K�MBĕ`2 bmBp�Mi2X

sinβ

sinα

β

α

1

1

ϕ

cosβ

cosα

RV cos

(
α− β

2

)
=

sin(α) + sin(β)

2 sin

(
α+ β

2

) - /QM+ sin(α) + sin(β) = 2 sin

(
α+ β

2

)
cos

(
α− β

2

)
-

kV sin

(
α− β

2

)
=

cos(β)− cos(α)

2 sin

(
α+ β

2

) - /QM+ cos(α)− cos(β) = −2 sin

(
α+ β

2

)
sin

(
α− β

2

)
X


