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G� bmBi2 /2 ai2`M
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

R S`Q#HûK�iB[m2

JQBMb +QMMm2 [m2 +2HH2 /2 6B#QM�++B- H� bmBi2 /2 ai2`MR MǶ2M 2bi T�b KQBMb BMiû`2bb�Mi2X 1HH2 2bi /û}MB2
T�` H2b p�H2m`b BMBiB�H2b s0 = 0- s1 = 1 2i /2b `2H�iBQMb /2 `û+m``2M+2 /Bzû`2Mi2b b2HQM H� T�`Biû /2
HǶBM/B+2 , s2n = sn 2i s2n+1 = sn + sn+1 TQm` n ! 1X G2b T`2KBĕ`2b p�H2m`b bQMi T`ûb2Miû2b /�Mb H2
i�#H2�m bmBp�MiX

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

sn 0 1 1 2 1 3 2 3 1 4 3 5 2 5 3 4 1

.�Mb +2i �`iB+H2- MQmb 2tTHB[mQMb H2 HB2M 2Mi`2 H� p�H2m` /2 sn 2i H2 /ûp2HQTT2K2Mi #BM�B`2 /2 n T�`
H2 #B�Bb /ǶmM2 7`�+iBQM +QMiBMm2- MQmb /û/mBbQMb mM2 #BD2+iBQM 2tTHB+Bi2 2Mi`2 N 2i Q+- TmBb MQmb
/ûKQMi`QMb [m2 /2mt ǳRǴ +QMbû+miB7b /�Mb H� bmBi2 /2 ai2`M /ûHBKBi2Mi mM2 bQmb@bmBi2 T�HBM/`QKB[m2
U2M ;`Bb /�Mb H2 i�#H2�mV /QMi H2 THmb ;`�M/ ûHûK2Mi 2bi mM MQK#`2 /2 6B#QM�++B UbQmHB;MûVX

k �TT`Q+?2 K�i`B+B2HH2

SQbQMb −→vn =
( sn
sn+1

)
X *2 p2+i2m` 2bi 2MpQvû bm` −→v2n T�` H� K�i`B+2 G =

(1 0
1 1

)
2i bm` −−−→v2n+1 T�` H�

K�i`B+2 D =
(1 1
0 1

)
- �mi`2K2Mi /Bi G−→vn = −→v2n 2i D−→vn = −−−→v2n+1X aB QM M2 bǶBMiû`2bb2 [mǶ¨ HǶBM/B+2- QM

pQBi [m2 H� K�i`B+2 G � TQm` 2z2i /2 `�DQmi2` mM ǳyǴ ¨ /`QBi2 /�Mb H2 /ûp2HQTT2K2Mi #BM�B`2 /2 n
�HQ`b [m2 H� K�i`B+2 D � TQm` 2z2i /Ƕv `�DQmi2` mM ǳRǴX PM T2mi +QMbi`mB`2 7�+BH2K2Mi H2b �Miû+û/�Mib
bm++2bbB7b /ǶmM BM/B+2 /QMMû- /BbQMb n = 200 ,

200
G←− 100

G←− 50
G←− 25

D←− 12
G←− 6

G←− 3
D←− 1

D←− 0.

GǶ�Miû+û/�Mi /ǶmM BM/B+2 n 2bi ⌊n/2⌋ 2M MQi�Mi ǳGǴ bB n 2bi T�B` 2i ǳDǴ bB n 2bi BKT�B`X 1M HBb�Mi
+2ii2 +?�ŗM2 /Ƕ�Miû+û/�Mib /2 /`QBi2 ¨ ;�m+?2- QM T2mi 2M /û/mB`2 �mbbB #B2M H2 /ûp2HQTT2K2Mi #BM�B`2
200 = [11001000]2 [m2 H� `2H�iBQM p2+iQ`B2HH2 −−→v200 = GGGDGGDD−→v0 = G3D1G2D2−→v0 X PM T�bb2 /ǶmM2
BM7Q`K�iBQM ¨ HǶ�mi`2 2M 7�Bb�Mi H2b `2KTH�+2K2Mib G ↔ 0- D ↔ 1 2i 2M BMp2`b�Mi H2 KQiX

.2 K�MBĕ`2 ;ûMû`�H2- TQm` mM BM/B+2 /QMMû T�` bQM /ûp2HQTT2K2Mi #BM�B`2

n = [1 . . . 1︸ ︷︷ ︸
ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 1 . . . 1︸ ︷︷ ︸
a1

0 . . . 0︸ ︷︷ ︸
a0

]2

�p2+ /2b 2MiB2`b a0 ! 0- a1, . . . , ak ! 1 2i k BKT�B`- QM � −→vn = Ga0Da1 · · ·Gak−1Dak−→v0 X PM T2mi 2M+Q`2
`2K�`[m2` [m2

DmGn =

(
1 m

0 1

)(
1 0

n 1

)
=

(
1 +mn m

n 1

)
=

(
m 1

1 0

)(
n 1

1 0

)
,

�mi`2K2Mi /Bi DmGn = M(m)M(n) �p2+ M(α) =

(
α 1

1 0

)
X

RX JQ`Bix �#`�?�K ai2`M U1807 − 1894V 2bi mM K�i?ûK�iB+B2M �HH2K�M/- BH }i bQM /Q+iQ`�i ¨ :ƺiiBM;2M bQmb H�
/B`2+iBQM /2 :�mbb U1777− 1855VX
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1M BMi2`+�H�Mi Dm/B+B2mb2K2Mi H� K�i`B+2 B/2MiBiû I = G0 = D0 /�Mb HǶ2tT`2bbBQM /2 −→vn i`Qmpû2
T`û+û/2KK2Mi- QM Q#iB2Mi

−→vn = D0Ga0Da1 · · ·Gak−1DakG0−→v0

= M(0)M(a0)M(a1) · · ·M(ak−1)M(ak)M(0)

(
0

1

)
.

*QKK2 M(0)
(0
1

)
=

(1
0

)
- BH bǶ2MbmBi [m2 H2 p2+i2m` −→vn 2bi H� T`2KBĕ`2 +QHQMM2 /m T`Q/mBi K�i`B+B2H

Mn = M(0)M(a0)M(a1) · · ·M(ak−1)M(ak) [mB +QKTQ`i2 mM MQK#`2 BKT�B` /2 7�+i2m`b M(·)X 1M
T�`iB+mHB2`- H2 /ûi2`KBM�Mi /2 Mn =

( sn a
sn+1 b

)
2bi bsn−asn+1 = −1X *2ii2 +QK#BM�BbQM 2bi /BpBbB#H2 T�`

H2 THmb ;`�M/ /BpBb2m` +QKKmM /2 sn 2i sn+1- /QM+ +2 /2`MB2` p�mi RX

j GB2M �p2+ H2b 7`�+iBQMb +QMiBMm2b

SQm` mM2 K�i`B+2 M =

(
a b

c d

)
2i mM MQK#`2 x- QM TQb2 M ∗ x =

ax+ b

cx+ d
2i QM pû`B}2 7�+BH2K2Mi [m2

M1 ∗ (M2 ∗ x) = (M1M2) ∗ xX PM � M(α) ∗ x = α+ 1
x 2i THmb ;ûMû`�H2K2Mi

M(α1)M(α2) · · ·M(αn) ∗ x = α1 +
1

α2 +
1

X X X
αn +

1

x

*2ii2 bi`m+im`2 /2 7`�+iBQMb BK#`B[mû2b H2b mM2b /�Mb H2b �mi`2b bǶ�TT2HH2 mM2 7`�+iBQM +QMiBMm2 2i QM H�
MQi2 [α1;α2; . . . ;αn;x]X G� 7`�+iBQM +QMiBMm2 /ǶmM MQK#`2 `�iBQMM2H bǶQ#iB2Mi T�` /BpBbBQMb 2m+HB/B2MM2b
bm++2bbBp2bX PM � T�` 2t2KTH2 19

14 = 1 + 5
14 =

[
1; 145

]
2i +QKK2 14

5 = 2 + 4
5 =

[
2; 54

]
- QM 2M /û/mBi [m2

19
14 =

[
1; 2; 54

]
X *QKK2 5

4 = 1 + 1
4 = [1; 4]- QM � }M�H2K2Mi 19

14 = [1; 2; 1; 4] 2i HǶ�H;Q`Bi?K2 2bi i2`KBMû
+�` iQmb H2b MQK#`2b αi bQMi 2MiB2`bX _2K�`[mQMb [m2 HǶQM T2mi �mbbB û+`B`2 19

14 = [1; 2; 1; 3; 1] 2i QM
`2iB2M/`� [m2 TQm` mM MQK#`2 `�iBQMM2H- QM T2mi +?QBbB` mM2 7`�+iBQM +QMiBMm2 /2 HQM;m2m` T�B`2 Qm
BKT�B`2X

*QKK2
( sn
sn+1

)
= M(0)M(a0)M(a1) · · ·M(ak−1)M(ak)

(1
0

)
- QM �

sn
sn+1

= M(0)M(a0)M(a1) · · ·M(ak−1)M(ak) ∗∞ = [0; a0; a1; . . . ; ak−1; ak],

+2 [mB T2`K2i /2 i`Qmp2` sn 2i sn+1 TmBb[m2 +2b /2mt 2MiB2`b bQMi T`2KB2`b 2Mi`2 2mtX S�` 2t2KTH2-
+QKK2 200 = [11001000]2- QM � s200

s201
= [0; 3; 1; 2; 2] =

7

26
/QM+ s200 = 7 2i s201 = 26X _2K�`@

[mQMb [m2 bB a0 = 0- H� 7`�+iBQM +QMiBMm2 /2pB2Mi bBKTH2K2Mi sn
sn+1

= [a1; . . . ; ak−1; ak] K�Bb /�Mb
iQmb H2b +�b- 2HH2 �/K2i mM2 HQM;m2m` BKT�B`2X SQm` H� bmBi2- HQ`b[m2 MQmb +QMbB/û`2`QMb mM2 7`�+iBQM
+QMiBMm2 [a1; . . . ; ak−1; ak] /2 HQM;m2m` BKT�B`2- QM ;�`/2`� ¨ HǶ2bT`Bi [mǶ2HH2 TQm``�Bi āi`2 /2 H� 7Q`K2
[0; a0; a1; . . . ; ak−1; ak] ;`�+2 ¨ mM /û+�H�;2 /ǶBM/B+2X

9 .ûMQK#`�#BHBiû /2 Q+

hQmi2 7`�+iBQM a

b
�p2+ a ! 0 2i b > 0 T2mi bǶû+`B`2 bQmb H� 7Q`K2 a

b
=

sn
sn+1

TQm` mM +2`i�BM 2MiB2` nX AH

bm{i TQm` +2H� /Ƕûi�#HB` H� 7`�+iBQM +QMiBMm2 a

b
= [a1; . . . ; ak] /2 HQM;m2m` BKT�B`2 2i /2 +QMbB/û`2` H2

MQK#`2 n = [1 . . . 1︸ ︷︷ ︸
ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 0 . . . 0︸ ︷︷ ︸
a2

1 . . . 1︸ ︷︷ ︸
a1

]2 2tT`BKû 2M #�b2 kX
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S�` 2t2KTH2- 19

14
= [1; 2; 1; 3; 1] BKTHB[m2 n = [10001001]2 = 137 /QM+ s137 = 19 2i s138 = 14X

SQm` H� 7`�+iBQM BMp2`b2- QM � H� 7`�+iBQM +QMiBMm2 14

19
= [0; 1; 2; 1; 4] 2i /QM+ n = [11110110]2 = 246

+QMpB2Mi- �mi`2K2Mi /Bi s246 = 14 2i s247 = 19 X

GǶ�TTHB+�iBQM ϕ : N −→ Q+ [mB 2MpQB2 mM 2MiB2` n = [

ak︷ ︸︸ ︷
1 . . . 1

ak−1︷ ︸︸ ︷
0 . . . 0 . . .

a1︷ ︸︸ ︷
1 . . . 1

a0︷ ︸︸ ︷
0 . . . 0]2 bm` H� 7`�+iBQM

sn
sn+1

= [0; a0; a1; . . . ; ak] 2bi +H�B`2K2Mi #BD2+iBp2X G2b MQK#`2b ϕ(n) �p2+ n ∈ N +QMbiBim2Mi H� bmBi2 /2
*�HFBM@qBH7 ,

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ϕ(n) 0 1 1
2 2 1

3
3
2

2
3 3 1

4
4
3

3
5

5
2

2
5

5
3

3
4 4 1

5

LQmb pQmHQMb i`Qmp2` K�BMi2M�Mi mM2 7Q`KmH2 T2`K2ii�Mi /2 T�bb2` /ǶmM MQK#`2 x = sn/sn+1 �m
bmBp�MiX PM +QMbB/ĕ`2 /QM+ H� 7`�+iBQM +QMiBMm2 x = [a1; a2; . . . ; ak] /2 HQM;m2m` BKT�B`2 /2 bQ`i2 [m2
n = [1 . . . 1︸ ︷︷ ︸

ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 0 . . . 0︸ ︷︷ ︸
a2

1 . . . 1︸ ︷︷ ︸
a1

]2X PM � �HQ`b n+ 1 = [1 . . . 1︸ ︷︷ ︸
ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 0 . . . 0︸ ︷︷ ︸
a2−1

1 0 . . . 0︸ ︷︷ ︸
a1

]2, /QM+

sn+1

sn+2
= [0; a1; 1; a2 − 1; a3; . . . ; ak︸ ︷︷ ︸

HQM;m2m` BKT�B`2

] =
1

a1 +
1

1 +
1

−1 + [a2; a3; . . . ; ak]

1M `2KTH�Ï�Mi [a2; a3; . . . ; ak] T�` 1

x− a1
2i 2M `2KQMi�Mi H� 7`�+iBQM +QMiBMm2- QM i`Qmp2

sn+1

sn+2
=

1

2a1 + 1− x
=

1

2⌊x⌋+ 1− x

�BMbB- QM T�bb2 /ǶmM MQK#`2 x �m bmBp�Mi ;`�+2 ¨ HǶ2tT`2bbBQM f(x) =
1

2⌊x⌋+ 1− x
X

G2 H2+i2m` �ii2MiB7 �m`� `2K�`[mû [m2 MQi`2 `�BbQMM2K2Mi TQb2 T`Q#HĕK2 bB a2 = 0X .�Mb +2 +�b- QM �
n = [1 . . . 1︸ ︷︷ ︸

a1

]2- n + 1 = [1 0 . . . 0︸ ︷︷ ︸
a1

]2- /QM+ x =
sn
sn+1

= a1 2i sn+1

sn+2
= [0; a1; 1] =

1

a1 + 1
= f(x)X �BMbB- H�

7QM+iBQM f 2bi iQmDQm`b p�H�#H2X

8 aQmb@bmBi2b T�HBM/`QKB[m2b

PM /ûKQMi`2 7�+BH2K2Mi [m2 sk = 1 bB 2i b2mH2K2Mi bB k 2bi mM2 TmBbb�M+2 /2 k 2i MQmb �HHQMb KQMi`2`
[m2 /2mt ǳRǴ +QMbû+miB7b /�Mb H� bmBi2 /2 ai2`M /ûHBKBi2Mi mM2 bQmb@bmBi2 T�HBM/`QKB[m2k- +2 [mB `2pB2Mi
¨ KQMi`2` [m2 s2n+m = s2n+1−m TQm` iQmb H2b 2MiB2`b n ! 1 2i m ∈ {1, 2, . . . , 2n − 1}X

*QMbB/û`QMb /QM+ mM MQK#`2 m = [0 . . . 0︸ ︷︷ ︸
bk

1 . . . 1︸ ︷︷ ︸
bk−1

. . . 1 . . . 1︸ ︷︷ ︸
b1

0 . . . 0︸ ︷︷ ︸
b0

]2 /QMi QM � +QKTHûiû H2 /ûp2HQTT2K2Mi

#BM�B`2 ¨ ;�m+?2 T�` /2b ǳyǴ TQm` �pQB` n+ 1 /B;BibX PM T2mi `2K�`[m2` [m2 bk ! 1 2i QM � �HQ`b

2n +m = [1 0 . . . 0︸ ︷︷ ︸
bk−1

1 . . . 1︸ ︷︷ ︸
bk−1

. . . 1 . . . 1︸ ︷︷ ︸
b1

0 . . . 0︸ ︷︷ ︸
b0

]2 2i 2n+1 − 1−m = [1 . . . 1︸ ︷︷ ︸
bk

0 . . . 0︸ ︷︷ ︸
bk−1

. . . 0 . . . 0︸ ︷︷ ︸
b1

1 . . . 1︸ ︷︷ ︸
b0

]2.

kX *2+B 2bi �bb2x ûpB/2Mi +�` mM2 bQmb@bmBi2 2M ;`Bb /�Mb MQi`2 i�#H2�m /2 p�H2m`b bǶQ#iB2Mi 2M BMi2`+�H�Mi /�Mb H�
bQmb@bmBi2 T`û+û/2Mi2 H2b bQKK2b /2 iQmi2b H2b T�B`2b /2 MQK#`2b +QMbû+miB7bX LQmb pQmHQMb /QMM2` B+B mM2 /ûKQMbi`�iBQM
7�Bb�Mi �TT2H �mt /ûp2HQTT2K2Mib #BM�B`2b 2i �mt 7`�+iBQMb +QMiBMm2bX
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S�` 2t2KTH2- 19

14
= [1; 2; 1; 3; 1] BKTHB[m2 n = [10001001]2 = 137 /QM+ s137 = 19 2i s138 = 14X

SQm` H� 7`�+iBQM BMp2`b2- QM � H� 7`�+iBQM +QMiBMm2 14

19
= [0; 1; 2; 1; 4] 2i /QM+ n = [11110110]2 = 246

+QMpB2Mi- �mi`2K2Mi /Bi s246 = 14 2i s247 = 19 X

GǶ�TTHB+�iBQM ϕ : N −→ Q+ [mB 2MpQB2 mM 2MiB2` n = [

ak︷ ︸︸ ︷
1 . . . 1

ak−1︷ ︸︸ ︷
0 . . . 0 . . .

a1︷ ︸︸ ︷
1 . . . 1

a0︷ ︸︸ ︷
0 . . . 0]2 bm` H� 7`�+iBQM

sn
sn+1

= [0; a0; a1; . . . ; ak] 2bi +H�B`2K2Mi #BD2+iBp2X G2b MQK#`2b ϕ(n) �p2+ n ∈ N +QMbiBim2Mi H� bmBi2 /2
*�HFBM@qBH7 ,

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ϕ(n) 0 1 1
2 2 1

3
3
2

2
3 3 1

4
4
3

3
5

5
2

2
5

5
3

3
4 4 1

5

LQmb pQmHQMb i`Qmp2` K�BMi2M�Mi mM2 7Q`KmH2 T2`K2ii�Mi /2 T�bb2` /ǶmM MQK#`2 x = sn/sn+1 �m
bmBp�MiX PM +QMbB/ĕ`2 /QM+ H� 7`�+iBQM +QMiBMm2 x = [a1; a2; . . . ; ak] /2 HQM;m2m` BKT�B`2 /2 bQ`i2 [m2
n = [1 . . . 1︸ ︷︷ ︸

ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 0 . . . 0︸ ︷︷ ︸
a2

1 . . . 1︸ ︷︷ ︸
a1

]2X PM � �HQ`b n+ 1 = [1 . . . 1︸ ︷︷ ︸
ak

0 . . . 0︸ ︷︷ ︸
ak−1

. . . 0 . . . 0︸ ︷︷ ︸
a2−1

1 0 . . . 0︸ ︷︷ ︸
a1

]2, /QM+

sn+1

sn+2
= [0; a1; 1; a2 − 1; a3; . . . ; ak︸ ︷︷ ︸

HQM;m2m` BKT�B`2

] =
1

a1 +
1

1 +
1

−1 + [a2; a3; . . . ; ak]

1M `2KTH�Ï�Mi [a2; a3; . . . ; ak] T�` 1

x− a1
2i 2M `2KQMi�Mi H� 7`�+iBQM +QMiBMm2- QM i`Qmp2

sn+1

sn+2
=

1

2a1 + 1− x
=

1

2⌊x⌋+ 1− x

�BMbB- QM T�bb2 /ǶmM MQK#`2 x �m bmBp�Mi ;`�+2 ¨ HǶ2tT`2bbBQM f(x) =
1

2⌊x⌋+ 1− x
X

G2 H2+i2m` �ii2MiB7 �m`� `2K�`[mû [m2 MQi`2 `�BbQMM2K2Mi TQb2 T`Q#HĕK2 bB a2 = 0X .�Mb +2 +�b- QM �
n = [1 . . . 1︸ ︷︷ ︸

a1

]2- n + 1 = [1 0 . . . 0︸ ︷︷ ︸
a1

]2- /QM+ x =
sn
sn+1

= a1 2i sn+1

sn+2
= [0; a1; 1] =

1

a1 + 1
= f(x)X �BMbB- H�

7QM+iBQM f 2bi iQmDQm`b p�H�#H2X

8 aQmb@bmBi2b T�HBM/`QKB[m2b

PM /ûKQMi`2 7�+BH2K2Mi [m2 sk = 1 bB 2i b2mH2K2Mi bB k 2bi mM2 TmBbb�M+2 /2 k 2i MQmb �HHQMb KQMi`2`
[m2 /2mt ǳRǴ +QMbû+miB7b /�Mb H� bmBi2 /2 ai2`M /ûHBKBi2Mi mM2 bQmb@bmBi2 T�HBM/`QKB[m2k- +2 [mB `2pB2Mi
¨ KQMi`2` [m2 s2n+m = s2n+1−m TQm` iQmb H2b 2MiB2`b n ! 1 2i m ∈ {1, 2, . . . , 2n − 1}X

*QMbB/û`QMb /QM+ mM MQK#`2 m = [0 . . . 0︸ ︷︷ ︸
bk

1 . . . 1︸ ︷︷ ︸
bk−1

. . . 1 . . . 1︸ ︷︷ ︸
b1

0 . . . 0︸ ︷︷ ︸
b0

]2 /QMi QM � +QKTHûiû H2 /ûp2HQTT2K2Mi

#BM�B`2 ¨ ;�m+?2 T�` /2b ǳyǴ TQm` �pQB` n+ 1 /B;BibX PM T2mi `2K�`[m2` [m2 bk ! 1 2i QM � �HQ`b
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