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G2 MQK#`2 /Ƕ1mH2`
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

S`Q#HûK�iB[m2

LQmb `ûmMBbbQMb [m2H[m2b `ûbmHi�ib +QM+2`M�Mi H2 MQK#`2 /Ƕ1mH2` R- i2Hb [m2 HǶ2tBbi2M+2 /2 H� HBKBi2
[mB H2 /û}MBi- b� bû`B2 �p2+ H2b BMp2`b2b /2b 7�+iQ`B2HH2b- b� 7`�+iBQM +QMiBMm2- bQM B``�iBQM�HBiû 2i b�
i`�Mb+2M/�M+2X *2`i�BM2b 2tTHB+�iBQMb bBKTHB}2Mi mM T2m +2HH2b [m2 HǶQM `2M+QMi`2 ?�#Bim2HH2K2MiX

R .2mt HBKBi2b +ûHĕ#`2b

G2 MQK#`2 /Ƕ1mH2` e ∼= 2,7182818 T2mi āi`2 /QMMû T�` /2b HBKBi2b ,

e = lim
n→∞

(
1 +

1

n

)n

= lim
n→∞

(
1 +

1

1!
+

1

2!
+ · · ·+ 1

n!

)
.

LQmb /ûKQMi`QMb 2M T`2KB2` HB2m [m2 +2b /2mt HBKBi2b 2tBbi2Mi 2i bQMi #2H 2i #B2M û;�H2bX

S`2mp2X PM T2mi iQmi /Ƕ�#Q`/ `2K�`[m2` [m2 TQm` /2b MQK#`2b x > y > 0 2i mM 2MiB2` n ! 1- QM �

(x− y)(n+ 1)yn < xn+1 − yn+1 < (x− y)(n+ 1)xn (∗)

+�` H2 K2K#`2 +2Mi`�H 2bi xn+1 − yn+1 = (x− y)(xn + xn−1y + xn−2y2 + · · ·+ yn)X

S�` 2t2KTH2- TQm` H2b MQK#`2b an =
(
1 + 1

n

)n- QM T2mi û+`B`2
(
1 +

1

n

)
an − an+1 =

(
1 +

1

n

)n+1

−
(
1 +

1

n+ 1

)n+1 (∗)
<

1

n

(
1 +

1

n

)n

=
1

n
an.

1M �DQmi�Mi an+1 − 1
nan �mt /2mt 2ti`ûKBiûb- QM i`Qmp2 an < an+1 2i H� bmBi2 (an)n!1 2bi /QM+

bi`B+i2K2Mi +`QBbb�Mi2X

G2b MQK#`2b bn =
(
1 + 1

n

)
an- [m�Mi ¨ 2mt- pû`B}2Mi

(
1 +

1

n

)
bn − bn+1 =

(
1 +

1

n

)n+2

−
(
1 +

1

n+ 1

)n+2

(∗)
>

n+ 2

n(n+ 1)

(
1 +

1

n+ 1

)n+1

=
1

n

(
1 +

1

n+ 1

)
an+1 =

1

n
bn+1.

1M �DQmi�Mi bn+1 �mt /2mt 2ti`ûKBiûb- QM Q#iB2Mi (1+ 1
n)bn > (1+ 1

n)bn+1- /QM+ bn > bn+1 2i H� bmBi2
(bn)n!1 2bi bi`B+i2K2Mi /û+`QBbb�Mi2X

RX G2QM?�`/ 1mH2` U1707 − 1783V +QMi`B#m� ¨ /2 MQK#`2mt /QK�BM2b /2b K�i?ûK�iB[m2b Ui`B;QMQKûi`B2- ;ûQKûi`B2-
�M�Hvb2- �H;ĕ#`2- i?ûQ`B2 /2b MQK#`2b- i?ûQ`B2 /2b ;`�T?2bV 2i /2 H� T?vbB[m2 UKû+�MB[m2- /vM�KB[m2 /2b ~mB/2b- QTiB[m2VX
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*QKK2 bn > an- QM � /2b BMi2`p�HH2b 2K#Qŗiûb [a1; b1] ⊃ [a2; b2] ⊃ · · · ⊃ [an; bn] /QMi H� HQM;m2m`
bn−an = 1

nan < 1
nbn < 1

nb1 =
4
n i2M/ p2`b xû`QX G� T`2KBĕ`2 HBKBi2 � /QM+ mM b2Mb 2i /û}MBi H2 MQK#`2

/Ƕ1mH2` eX

*QMbB/û`QMb K�BMi2M�Mi Sn = 1+ 1
1! +

1
2! + · · ·+ 1

n! X 1M /ûp2HQTT�Mi an =
(
1 + 1

n

)n �p2+ H� 7Q`KmH2 /m
#BMƬK2- QM Q#iB2Mi

an =
n∑

k=0

(
n

k

)(
1

n

)k

=
n∑

k=0

n(n− 1) · · · (n+ 1− k)

nk

1

k!

=
n∑

k=0

[
1 ·
(
1− 1

n

)
·
(
1− 2

n

)
· · ·
(
1− k − 1

n

)]
1

k!

G2 T`Q/mBi 2Mi`2 +`Q+?2ib 2bi BM7û`B2m` ¨ 1- /QM+ an < SnX .Ƕ�mi`2 T�`i- +2 T`Q/mBi 2bi bmTû`B2m` ¨
(
1− k−1

n

)k
= 1−

(
1k −

(
1− k−1

n

)k) (∗)
> 1− (k−1)k

n - /QM+

an > Sn − 1

n
Sn−2 > Sn − 1

n
Sn =

(
1− 1

n

)
Sn >

(
1− 1

n

)
an.

1M T`2M�Mi H� HBKBi2 HQ`b[m2 n → ∞ /�Mb +2ii2 bmBi2 /ǶBMû;�HBiûb- QM i`Qmp2 �HQ`b lim
n→∞

Sn = eX

k 6`�+iBQM +QMiBMm2

SQm` mM2 K�i`B+2 M =

(
a b

c d

)
2i mM MQK#`2 x- QM MQi2 M ∗ x =

ax+ b

cx+ d
2i QM pû`B}2 7�+BH2K2Mi [m2

M1 ∗ (M2 ∗ x) = (M1M2) ∗ xX S�` 2t2KTH2- bB QM TQb2 M(α) =

(
α 1
1 0

)
- QM � M(α) ∗ x = α+

1

x
2i

THmb ;ûMû`�H2K2Mi
M(α0)M(α1) · · ·M(αn) ∗ x = α0 +

1

α1 +
1

X X X
αn +

1

x

*2ii2 bi`m+im`2 /2 7`�+iBQMb BK#`B[mû2b H2b mM2b /�Mb H2b �mi`2b bǶ�TT2HH2 mM2 7`�+iBQM +QMiBMm2 2i QM
H� MQi2 [α0;α1, . . . ,αn, x]X SQm` mM MQK#`2 B``�iBQMM2H θ- BH 2tBbi2 /2 K�MBĕ`2 mMB[m2 mM2 bmBi2 (αn)n!0

/2 MQK#`2b 2MiB2`b- bi`B+i2K2Mi TQbBiB7b b�m7 ûp2Mim2HH2K2Mi α0- 2i mM2 bmBi2 (xn)n!0 /2 MQK#`2b
bmTû`B2m`b ¨ R i2HH2b [m2 θ = [α0;α1, . . . ,αn, xn] TQm` iQmi n ! 0X PM � �HQ`b θ = lim

n→∞
[α0;α1, . . . ,αn]

2i QM MQi2 bBKTH2K2Mi θ = [α0;α1,α2,α3, . . .] HQ`b[m2 H� bmBi2 (αn)n!0 M2 T`ûb2Mi2 �m+mM2 �K#B;mśiûX

LQmb ûi�#HBbbQMb B+B H� 7`�+iBQM +QMiBMm2 e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, . . .] = [2; 1, 2n, 1]n!1- Qɍ H� T�`iB2
bm`HB;Mû2 b2 `ûTĕi2 BM/û}MBK2Mi 2M BM+`ûK2Mi�Mi HǶ2MiB2` n ! 1X

S`2mp2X GǶ2tT`2bbBQM y = e
√
x + e−

√
x pû`B}2 HǶû[m�iBQM /Bzû`2MiB2HH2 4xy′′ = y − 2y′X S�` BM/m+iBQM-

QM � THmb ;ûMû`�H2K2Mi 4xy(n+2) = y(n) − 2(2n+ 1)y(n+1)- �mi`2K2Mi /Bi

y(n)

y(n+1)
= 2(2n+ 1) +

4x

y(n+1)/y(n+2)
=

(
2(2n+ 1) 4x

1 0

)
∗ y(n+1)

y(n+2)
.

1M TQb�Mi x =
1

4
- QM Q#iB2Mi y(n)(1/4)

y(n+1)(1/4)
=

(
2(2n+ 1) 1

1 0

)
∗ y(n+1)(1/4)

y(n+2)(1/4)
2i- T�` Biû`�iBQM-
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y(1/4)

y′(1/4)
=

(
2 1
1 0

)(
6 1
1 0

)
. . .

(
2(2n+ 1) 1

1 0

)
∗ y(n+1)(1/4)

y(n+2)(1/4)
.

�TTHB[mQMb H� K�i`B+2 M =

(
1 1
1 −1

)
¨ +2ii2 `2H�iBQMX § ;�m+?2 /2 HǶû;�HBiû- QM Q#iB2Mi

M ∗ e1/2 + e−1/2

e1/2 − e−1/2
= M ∗ e+ 1

e− 1
= M2 ∗ e =

(
2 0
0 2

)
∗ e = e.

� /`QBi2 /2 HǶû;�HBiû- QM miBHBb2 H� `2H�iBQM MM(2k) = M(1)M(k − 1)M(1)M X PM i`Qmp2 �HQ`b

e = M(1)M(0)M(1)︸ ︷︷ ︸
M(2)

M(1)M(2)M(1) · · ·M(1)M(2n)M(1)M ∗ y(n+1)(1/4)

y(n+2)(1/4)
,

�mi`2K2Mi /Bi e = [2; 1, 2, 1, 1, 4, 1, . . . , 1, 2n, 1,M ∗ ζn+1] �p2+ ζn+1 =
y(n+1)(1/4)

y(n+2)(1/4)
X

PM /QBi 2M+Q`2 pû`B}2` [m2 M ∗ ζn+1 > 1X § T�`iB` /2 H� bû`B2 /2 J�+G�m`BM /2 y- QM �

y(n)(1/4) = 2

[
dn

dxn

∑

k!0

xk

(2k)!

]

x=1/4

= 2
∑

k!0

(n+ k)!

k!(2n+ 2k)!

(
1

4

)k

> 0.

*2+B ûi�Mi p�H�#H2 TQm` iQmi 2MiB2` n ! 0- QM 2M /û/mBi [m2

y(n)(1/4) = y(n+2)(1/4) + 2(2n+ 1)y(n+1)(1/4) > y(n+1)(1/4).

1M `2KTH�Ï�Mi n T�` n+1- BH bǶ2MbmBi [m2 ζn+1 > 1 2i /QM+ M ∗ζn+1 = 1+
2

ζn+1 − 1
> 1 +2 [mB �+?ĕp2 H�

/ûKQMbi`�iBQMX _2K�`[mQMb [m2 MQmb �pQMb û;�H2K2Mi KQMi`û �m T�bb�;2 [m2 e+ 1

e− 1
= [ 2 + 4n ]n!0X

j A``�iBQM�HBiû

�p2+ mM2 7`�+iBQM +QMiBMm2 BM}MB2 2i MQM Tû`BQ/B[m2- H2 MQK#`2 e MǶ2bi MB `�iBQMM2H- MB B``�iBQMM2H
[m�/`�iB[m2 kX 1M 7�Bi- HǶB``�iBQM�HBiû /m MQK#`2 e 2bi 7�+BH2 ¨ /ûKQMi`2` b�Mb 7`�+iBQM +QMiBMm2X LQmb
T`ûb2MiQMb H� T`2mp2 /2 CQb2T? 6Qm`B2` U1768− 1830VX

S`2mp2X amTTQbQMb [m2 HǶQM TmBbb2 û+`B`2 e = m
n ∈ Q �p2+ n ! 2 2i `2;�`/QMb HǶû;�HBiû

n!

(
e−

(
1 +

1

1!
+

1

2!
+ · · ·+ 1

n!

))
= n!

(
1

(n+ 1)!
+

1

(n+ 2)!
+

1

(n+ 3)!
+ · · ·

)

[mB /û+QmH2 /2 H� bû`B2 ûi�#HB2 /�Mb H2 T`2KB2` T�`�;`�T?2X G2 K2K#`2 /2 ;�m+?2 b2`�Bi mM MQK#`2
2MiB2` �HQ`b [m2 H2 K2K#`2 /2 /`QBi2 2bi mM MQK#`2 bi`B+i2K2Mi TQbBiB7 BM7û`B2m` ¨

1

n+ 1

(
1 +

1

(n+ 1)
+

1

(n+ 1)2
+ · · ·

)
=

1

n+ 1

(
1

1− 1
n+1

)
=

1

n
< 1,

+2 [mB 2bi �#bm`/2 5

kX lM MQK#`2 `�iBQMM2H �/K2i mM2 7`�+iBQM +QMiBMm2 }MB2 Q#i2Mm2 T�` /2b /BpBbBQMb 2m+HB/B2MM2b bm++2bbBp2b �HQ`b
[mǶmM B``�iBQMM2H [m�/`�iB[m2- +Ƕ2bi@¨@/B`2 mM MQK#`2 /2 H� 7Q`K2 a + b

√
n �p2+ a, b ∈ Q∗ 2i n 2MiB2` TQbBiB7 MQM +�``û-

�/K2i mM2 7`�+iBQM +QMiBMm2 BM}MB2 T`ûb2Mi�Mi mM KQiB7 `ûTûiBiB7X
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[mǶmM B``�iBQMM2H [m�/`�iB[m2- +Ƕ2bi@¨@/B`2 mM MQK#`2 /2 H� 7Q`K2 a + b

√
n �p2+ a, b ∈ Q∗ 2i n 2MiB2` TQbBiB7 MQM +�``û-

�/K2i mM2 7`�+iBQM +QMiBMm2 BM}MB2 T`ûb2Mi�Mi mM KQiB7 `ûTûiBiB7X

9 h`�Mb+2M/�M+2

*?�`H2b >2`KBi2 U1822 − 1901V � /ûKQMi`û [m2 H2 MQK#`2 /Ƕ1mH2` 2bi i`�Mb+2M/�Mi- +Ƕ2bi@¨@/B`2 [mǶBH
MǶ2bi bQHmiBQM /Ƕ�m+mM2 û[m�iBQM TQHvMQKB�H2 ¨ +Q2{+B2Mib 2MiB2`bX G� T`2mp2 MǶ2bi T�b pû`Bi�#H2K2Mi
/B{+BH2 K�Bb 2HH2 2bi /ǶmM2 2ti`�Q`/BM�B`2 bm#iBHBiûX LQmb H� T`ûb2MiQMb bQmb H� 7Q`K2 /ǶmM2 /2b+2Mi2
BM}MB2 bm` H2 /2;`û /ǶmM ?vTQi?ûiB[m2 TQHvMƬK2 ¨ +Q2{+B2Mib 2MiB2`b [mB bǶ�MMmH2`�Bi 2M x = eX

S`2mp2X aQBi f(x) mM TQHvMƬK2 /2 /2;`û d 2i F (x) = f(x) + f ′(x) + f ′′(x) + · · ·+ f (d)(x)X PM T2mi
`2K�`[m2` [m2

[
− e−xF (x)

]′
= e−xF (x)− e−xF ′(x) = e−x(F (x)− F ′(x)) = e−xf(x), /QM+

∫ k

0
e−xf(x) dx =

[
− e−xF (x)

]k
0

= F (0)− e−kF (k).

1i�Mi /QMMûb /2b MQK#`2b 2MiB2`b a0, a1, . . . , an- QM � �HQ`b
n∑

k=0

ake
k
∫ k

0
e−xf(x) dx =

(
n∑

k=0

ake
k

)
F (0)−

n∑

k=0

akF (k).

amTTQbQMb [m2 x = e �MMmH2 mM TQHvMƬK2 P (x) = a0 + a1x+ a2x2 + · · ·+ anxn ∈ Z[x] �p2+ mM /2;`û
KBMBK�H n ! 2 UQM b�Bi /ûD¨ [m2 e 2bi B``�iBQMM2HVX GǶû;�HBiû +B@/2bbmb /2pB2Mi �HQ`b bBKTH2K2Mi

S :=
n∑

k=0

ake
k
∫ k

0
e−xf(x) dx = −(a0F (0) + a1F (1) + · · ·+ anF (n)).

.ûpQBHQMb K�BMi2M�Mi HǶ2tT`2bbBQM /m TQHvMƬK2 f X PM +QMbB/ĕ`2 mM MQK#`2 T`2KB2` p 2i QM TQb2

f(x) = xp−1
(
(x− 1)(x− 2) · · · (x− n)

)p
.

*2 TQHvMƬK2 /2 /2;`û d = np + p − 1 b2 7�+iQ`Bb2 T�` xp−1 2i T2mi āi`2 /ûp2HQTTû bQmb H� 7Q`K2
f(x) = cp−1xp−1 + cpxp + · · ·+ cdxd �p2+ /2b +Q2{+B2Mib ck 2MiB2`bX G� k@BĕK2 /û`Bpû2 /2 f 2M x = 0
2bi f (k)(0) = ckk!- 2HH2 2bi MmHH2 bB k ∈ {0, 1, . . . , p− 2} 2i BH bǶ�;Bi /ǶmM 2MiB2` /BpBbB#H2 T�` p! bB k ! pX
PM � 2M+Q`2 f (p−1)(0) = (−1)np(n!)p(p− 1)!X �BMbB- F (0) 2bi mM MQK#`2 2MiB2` /BpBbB#H2 T�` (p− 1)!X

PM T2mi û;�H2K2Mi /ûp2HQTT2` f(x) �p2+ /2b TmBbb�M+2b /2 (x−m) TQm` m ∈ {1, 2, . . . , n} }tûX *QKK2
f(x) b2 7�+iQ`Bb2 T�` (x − m)p- QM � f(x) = cp(x − m)p + cp+1(x − m)p+1 + · · · + cd(x − m)d Qɍ H2b
+Q2{+B2Mib ck bQMi /2b MQK#`2b 2MiB2`b [mB /ûT2M/2Mi /2 mX G� k@BĕK2 /û`Bpû2 /2 f 2M x = m 2bi
f (k)(m) = ckk!- 2HH2 2bi MmHH2 bB k ∈ {0, 1, . . . , p − 1} 2i BH bǶ�;Bi /ǶmM 2MiB2` /BpBbB#H2 T�` p! bB k ! p-
/QM+ F (m) 2bi mM MQK#`2 2MiB2` /BpBbB#H2 T�` p!X

SQm` x ∈ [0;n]- QM � H� K�DQ`�iBQM |f(x)| " np−1nnp 2i �p2+ HǶBMû;�HBiû i`B�M;mH�B`2- QM Q#iB2Mi

|S| =

∣∣∣∣∣

n∑

k=0

ake
k
∫ k

0
e−xf(x) dx

∣∣∣∣∣ "
n∑

k=0

|ak|ek
∫ k

0
|f(x)| dx

"
n∑

k=0

|ak|ek
∫ k

0
np−1nnp dx =

(∑
|ak|kek

)
nn

︸ ︷︷ ︸
+QMbi�Mi2 C>0

(n · nn)p−1 = C(nn+1)p−1.

*QKK2 (nn+1)p−1

(p−1)! i2M/ p2`b y HQ`b[m2 p i2M/ p2`b HǶBM}MB- QM � (nn+1)p−1

(p−1)! < 1
C - /QM+ |S| < (p − 1)!-

HQ`b[m2 p 2bi bm{b�KK2Mi ;`�M/X PM 2M /û/mBi [m2 S 2bi MmH +�` BH bǶ�;Bi /ǶmM 2MiB2` /BpBbB#H2 T�`
(p − 1)!X *QKK2 F (1), . . . , F (n) bQMi iQmb /BpBbB#H2b T�` p!- BH 2M 2bi /2 KāK2 TQm` a0F (0) 2i /QM+
TQm` a0(−1)np(n!)p(p− 1)!X �BMbB p /BpBb2 a0(n!)p 2i +QKK2 p 2bi �`#Bi`�B`2K2Mi ;`�M/- QM � a0 = 0X
AH bǶ2MbmBi [m2 x = e �MMmH2 H2 TQHvMƬK2 P (x)

x ∈ Z[x]- +2 [mB +QMi`2/Bi H� KBMBK�HBiû bmTTQbû2 /2 nX


