
46 Numéro 143 Mai 2020

VSMP — SSPMP — SSIMF

Ǵ"2BM�?2@Svi?�;Q`�b 4 S2HHǴ
"2�i C�;;B- #2�iXD�;;B!T?#2`MX+? mM/ S?BHBTT _2BM?�`/- T?BHBTT`2BM?�`/!?QiK�BHX+QK

R 1BMH2BimM;

1m;2M CQbi Bbi 2BM EɃMbiH2` �mb h?mM- /2` 2b KBi b2BM2M "BH/2`M K2Bbi2`?�7i p2`bi2?i- EmMbi mM/ J�@
i?2K�iBF UmM/ aT`�+?25V xm p2`#BM/2M UbB2?2 xmK "2BbTB2H (R)- (k)- (j)VX
1BM2b b2BM2` "BH/2` b+?2BMi 2BM2 Svi?�;Q`�b@EQM};m`�iBQM /�`xmbi2HH2M- 2BM `2+?irBMFHB;2b .`2B2+F
xmb�KK2M KBi /2M #2B/2M E�i?2i2M[m�/`�i2M mM/ /2K >vTQi2Mmb2M[m�/`�iX

�##BH/mM; R
�m7 /2M xr2Bi2M "HB+F U�m+? /B2 �M;2;2#2M2M w�?H2M 25 = 52 mM/ 49 = 72 p2``�i2M 2bV bB2?i K�M
b+?M2HH- /�bb /B2 #2B/2M ǴE�i?2i2M[m�/`�i2Ǵ �mb D2 25 > mb+?2M #2bi2?2M- /�b Ǵ>vTQi2Mmb2M[m�/`�iǴ
�#2` ǶMm`Ƕ �mb 49 > mb+?2MX aBM/ /B2 FH2BM2M ?2HH2M mM/ /mMFH2`2M > mb+?2M �HH2 ;H2B+? ;`Qbb- /�MM
Bbi /�b b+?r�`x2 ;H2B+?b+?2MFHB;2 .`2B2+F BM /2` JBii2 ;�` MB+?i `2+?irBMFHB;X �m7 /2K Q#B;2M "BH/
Bbi /�b b+?r�`x2 .`2B2+F Ƀ#`B;2Mb i`Qix/2K `2+?irBMFHB;- /2` EɃMbiH2` ?�i #2B /2M a2Bi2MH M;2M /2`
Zm�/`�i2 mM/ �HbQ /2` > mb+?2M H2B+?i ;2b+?mKK2Hi5

1BM2 EQM};m`�iBQM rB2 Q#2M UKBi H�mi2` ;H2B+? ;`Qbb2M FH2BM2M > mb+?2MV F�MM M�iɃ`HB+? ;�` MB2 xm
2BM2K `2+?irBMFHB;2M .`2B2+F 7Ƀ?`2MX "2x2B+?M2i x /B2 U;�Mxx�?HB;2V a2Bi2MH M;2 /2` E�i?2i2- y /B2
U;�Mxx�?HB;2V a2Bi2MH M;2 /2` >vTQi2Mmb2- /�MM KɃbbi2 x2 + x2 = 2x2 = y2- �HbQ y2

x2 = 2 mM/ 7QH;HB+?
y
x =
√
2 b2BMX .�b bi2?i BK qB/2`bT`m+? xm` h�ib+?2- /�bb

√
2 B``�iBQM�H BbiX

AM wmb�KK2M?�M; KBi /2K Q#B;2K "BH/ Bbi /B2 6`�;2 �m7;2i�m+?i- Q# 2b �M/2`2 EQM};m`�iBQM2M ;B#i-
#2B /2M2M M�+? /2K Ƕ:2b+?K�+F /2b Svi?�;Q`�bǶ 2Mir2/2` 2BM > mb+?2M 72?Hi Q/2` 2BM2b xm pB2H BbiX
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Ǵ"2BM�?2@Svi?�;Q`�b 4 S2HHǴ
"2�i C�;;B- #2�iXD�;;B!T?#2`MX+? mM/ S?BHBTT _2BM?�`/- T?BHBTT`2BM?�`/!?QiK�BHX+QK

R 1BMH2BimM;

1m;2M CQbi Bbi 2BM EɃMbiH2` �mb h?mM- /2` 2b KBi b2BM2M "BH/2`M K2Bbi2`?�7i p2`bi2?i- EmMbi mM/ J�@
i?2K�iBF UmM/ aT`�+?25V xm p2`#BM/2M UbB2?2 xmK "2BbTB2H (R)- (k)- (j)VX
1BM2b b2BM2` "BH/2` b+?2BMi 2BM2 Svi?�;Q`�b@EQM};m`�iBQM /�`xmbi2HH2M- 2BM `2+?irBMFHB;2b .`2B2+F
xmb�KK2M KBi /2M #2B/2M E�i?2i2M[m�/`�i2M mM/ /2K >vTQi2Mmb2M[m�/`�iX

�##BH/mM; R
�m7 /2M xr2Bi2M "HB+F U�m+? /B2 �M;2;2#2M2M w�?H2M 25 = 52 mM/ 49 = 72 p2``�i2M 2bV bB2?i K�M
b+?M2HH- /�bb /B2 #2B/2M ǴE�i?2i2M[m�/`�i2Ǵ �mb D2 25 > mb+?2M #2bi2?2M- /�b Ǵ>vTQi2Mmb2M[m�/`�iǴ
�#2` ǶMm`Ƕ �mb 49 > mb+?2MX aBM/ /B2 FH2BM2M ?2HH2M mM/ /mMFH2`2M > mb+?2M �HH2 ;H2B+? ;`Qbb- /�MM
Bbi /�b b+?r�`x2 ;H2B+?b+?2MFHB;2 .`2B2+F BM /2` JBii2 ;�` MB+?i `2+?irBMFHB;X �m7 /2K Q#B;2M "BH/
Bbi /�b b+?r�`x2 .`2B2+F Ƀ#`B;2Mb i`Qix/2K `2+?irBMFHB;- /2` EɃMbiH2` ?�i #2B /2M a2Bi2MH M;2M /2`
Zm�/`�i2 mM/ �HbQ /2` > mb+?2M H2B+?i ;2b+?mKK2Hi5

1BM2 EQM};m`�iBQM rB2 Q#2M UKBi H�mi2` ;H2B+? ;`Qbb2M FH2BM2M > mb+?2MV F�MM M�iɃ`HB+? ;�` MB2 xm
2BM2K `2+?irBMFHB;2M .`2B2+F 7Ƀ?`2MX "2x2B+?M2i x /B2 U;�Mxx�?HB;2V a2Bi2MH M;2 /2` E�i?2i2- y /B2
U;�Mxx�?HB;2V a2Bi2MH M;2 /2` >vTQi2Mmb2- /�MM KɃbbi2 x2 + x2 = 2x2 = y2- �HbQ y2

x2 = 2 mM/ 7QH;HB+?
y
x =
√
2 b2BMX .�b bi2?i BK qB/2`bT`m+? xm` h�ib+?2- /�bb

√
2 B``�iBQM�H BbiX

AM wmb�KK2M?�M; KBi /2K Q#B;2K "BH/ Bbi /B2 6`�;2 �m7;2i�m+?i- Q# 2b �M/2`2 EQM};m`�iBQM2M ;B#i-
#2B /2M2M M�+? /2K Ƕ:2b+?K�+F /2b Svi?�;Q`�bǶ 2Mir2/2` 2BM > mb+?2M 72?Hi Q/2` 2BM2b xm pB2H BbiX

"2x2B+?M2i rB2/2` x /B2 a2Bi2MH M;2 /2` E�i?2i2- y /B2 a2Bi2MH M;2 /2` >vTQi2Mmb2- /�MM H�mi2i /B2
�m7;�#2, 6BM/2 �HH2 UTQbBiBp2MV ;�Mxx�?HB;2M GƺbmM;2M /2` :H2B+?mM;2M x2 + x2 = 2x2 = y2 ± 1 `2bTX

y2 − 2x2 = ±1.

.B2b2 #2B/2M :H2B+?mM;2M y2 − 2x2 = 1 mM/ y2 − 2x2 = −1 bBM/ aT2xB�H7 HH2 /2` bQ;2M�MMi2M
S2HHb+?2M :H2B+?mM;- 2BM2` /BQT?�MiBb+?2M :H2B+?mM;- /B2 �HH;2K2BM /B2 6Q`K y2 − dx2 = c ?�i UbB2?2
?iiTb,ff/2XrBFBT2/B�XQ`;frBFBfS2HHb+?2n:H2B+?mM;VX .B2b2 :H2B+?mM; UKBi d = 2V rm`/2 r2;2M
/2b wmb�KK2M?�M;b KBi

√
2 #2`2Bib BK �Hi2`imK bim/B2`iX

:H2B+?mM;2M- #2B /2M2M ǶMm`Ƕ ;�Mxx�?HB;2 GƺbmM;2M ;2bm+?i bBM/- ?2Bbb2M /BQT?�MiBb+? U#2M�MMi M�+?
/2K ;`B2+?Bb+?2M J�i?2K�iBF2` .BQT?�MiQb pQM �H2t�M/`B� UB`;2M/r�MM xrBb+?2M @Ryy mM/ Yj8yVX

k .B2 GƺbmM;2M /2` S2HH@:H2B+?mM;2M y2 − 2x2 = 1 mM/ y2 − 2x2 = −1

qB` #2x2B+?M2M /B2 :H2B+?mM; y2 − 2x2 = 1 KBi S2HHU+V mM/ y2 − 2x2 = −1 KBi S2HHU−VX
:2bm+?i bBM/ �HH2 S��`2 (y, x) M�iɃ`HB+?2` w�?H2M- r2H+?2 2BM2 /2` #2B/2M :H2B+?mM;2M 2`7ɃHH2MX

a�ix,

�V .B2 w�?H2MT��`2 (yn, xn)- `2Fm`bBp /2}MB2`i /m`+?

y1 = 1 ; yn+1 = yn + 2xn

x1 = 1 ; xn+1 = yn + xn,

HB272`M �#r2+?b2HM/ GƺbmM;2M pQM S2HHU−V mM/ pQM S2HHU+VX

#V 1b ;B#i F2BM2 r2Bi2`2M GƺbmM;2M 7Ƀ` 2BM2 /2` #2B/2M :H2B+?mM;2MX

"2r2Bb,

�V 6Ƀ` D2/2 M�iɃ`HB+?2 w�?H n ;B#i 2b 2BM/2miB; #2biBKKi2 M�iɃ`HB+?2 w�?H2M yn mM/ xn KBi(
1 +
√
2
)n

= yn + xn
√
2X aQ Bbi y1 = x1 = 1 mM/ r2;2M

(
1 +
√
2
)2

= 3 + 2
√
2 r2Bi2`

y2 = 3 mM/ x2 = 2 2i+X

1b Bbi 2BM7�+? 2BMxmb2?2M- /�bb �m+?
(
1−
√
2
)n

= yn − xn
√
2 ;BHiX

q2;2M

(−1)n =
[(

1 +
√
2
)(

1−
√
2
)]n

=
(
1 +
√
2
)n (

1−
√
2
)n

=
(
yn + xn

√
2
)(

yn − xn
√
2
)
= y2n−2x2n

Bbi (yn, xn) 7Ƀ` D2/2 M�iɃ`HB+?2 w�?H n 2Mir2/2` GƺbmM; pQM S2HHU+V Q/2` pQM S2HHU−VX

q2Bi2` 7QH;i �mb

yn+1 + xn+1

√
2 =

(
1 +
√
2
)n+1

=
(
1 +
√
2
)(

1 +
√
2
)n

=
(
1 +
√
2
)(

yn + xn
√
2
)
= (yn + 2xn) + (yn + xn)

√
2,

/�bb bB+? (yn+1, xn+1) �mb (yn, xn) #2`2+?M2M H bbiX



48 Numéro 143 Mai 2020

VSMP — SSPMP — SSIMF

�mb;2?2M/ pQM (y1, x1) = (1, 1) HB272`M /B2 _2Fm`bBQMb7Q`K2HM

yn+1 = yn + 2xn

xn+1 = yn + xn

7QH;HB+? �#r2+?b2HM/ GƺbmM;2M pQM S2HHU+V Q/2` pQM S2HHU−V,

(y1, x1) = (1, 1) : 12 − 2 · 12 = −1
(y2, x2) = (1 + 2 · 1, 1 + 1) = (3, 2) : 32 − 2 · 22 = 1

(y3, x3) = (3 + 2 · 2, 3 + 2) = (7, 5) : 72 − 2 · 52 = −1 : p2`;H2B+?2 KBi �##BH/mM; RX
(y4, x4) = (7 + 2 · 5, 7 + 5) = (17, 12) : 172 − 2 · 122 = 1

(y5, x5) = (17 + 2 · 12, 17 + 12) = (41, 29) : 412 − 2 · 292 = −1
(y6, x6) = (41 + 2 · 29, 41 + 29) = (99, 70) : 992 − 2 · 702 = 1

XXX

#V 1BM2 2BM7�+?2 _2+?MmM; x2B;i, 6Ƀ` D2/2 GƺbmM; (y, x) pQM S2HHU+V Q/2` pQM S2HHU−V KBi x > 1
mM/ y > 2 ;BHi, x < y < 2x `2bTX 0 < y − x < xX

qB2 M2?K2M �M- 2b ;2#2 GƺbmM;2M pQM S2HHU+V Q/2` pQM S2HHU−V- /B2 MB+?i KBi /2M Q#B;2M
_2Fm`bBQMb7Q`K2HM 2`x2m;i r2`/2M FƺMM2MX qB` r ?H2M mMi2` �HH /B2b2M GƺbmM;2M /B2D2MB;2 KBi
/2K FH2BMbi2M x@q2`i mM/ M2MM2M bB2 (ỹ, x̃)X

�mb yn+1 = yn + 2xn mM/ xn+1 = yn + xn 7QH;i mK;2F2?`i yn = −yn+1 + 2xn+1 mM/
xn = yn+1 − xn+1X

q2;2M
(−ỹ + 2x̃)2 − 2 (ỹ − x̃)2 = −

(
ỹ2 − 2x̃2

)

r `2 KBi (ỹ, x̃) �m+? (−ỹ + 2x̃, ỹ − x̃) GƺbmM; pQM S2HHU+V Q/2` pQM S2HHU−V- r2H+?2 2#2M7�HHb
MB+?i /m`+? /B2 _2Fm`bBQMb7Q`K2HM 2`x2m;i r2`/2M F�MMX

q2;2M 0 < ỹ− x̃ < x̃ ? ii2 /B2 M2m2 GƺbmM; �#2` 2BM2M FH2BM2`2M UBKK2` MQ+? TQbBiBp2MV x@q2`i
�Hb (ỹ, x̃)X .�b Bbi 2BM qB/2`bT`m+?X !

"2K2`FmM;, �m+? KBi ;`Qbb2M q2`i2M 7Ƀ` yn mM/ xn rB`/ /B2 2Mibi2?2M/2 Ǵ"2BM�?2@Svi?�;Q`�bǴ@
EQM};m`�iBQM MB2 ;�Mx `2+?irBMFHB; b2BMX .2` qBMF2H BK x2Mi`�H2M ;H2B+?b+?2MFHB;2M .`2B2+F #2i` ;i
M�+? EQbBMmbb�ix y2n = x2n + x2n − 2x2n cos γ mM/ r2;2M y2n − 2x2n = ±1

γ = arccos
±1

2x2n
.

q `2M BM �##BH/mM; R �HH2 > mb+?2M ;H2B+? ;`Qbb- #2F K2 K�M KBi x = 5

γ = arccos
1

50
≈ 88.850.
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�mb;2?2M/ pQM (y1, x1) = (1, 1) HB272`M /B2 _2Fm`bBQMb7Q`K2HM

yn+1 = yn + 2xn

xn+1 = yn + xn

7QH;HB+? �#r2+?b2HM/ GƺbmM;2M pQM S2HHU+V Q/2` pQM S2HHU−V,

(y1, x1) = (1, 1) : 12 − 2 · 12 = −1
(y2, x2) = (1 + 2 · 1, 1 + 1) = (3, 2) : 32 − 2 · 22 = 1

(y3, x3) = (3 + 2 · 2, 3 + 2) = (7, 5) : 72 − 2 · 52 = −1 : p2`;H2B+?2 KBi �##BH/mM; RX
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(y5, x5) = (17 + 2 · 12, 17 + 12) = (41, 29) : 412 − 2 · 292 = −1
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XXX

#V 1BM2 2BM7�+?2 _2+?MmM; x2B;i, 6Ƀ` D2/2 GƺbmM; (y, x) pQM S2HHU+V Q/2` pQM S2HHU−V KBi x > 1
mM/ y > 2 ;BHi, x < y < 2x `2bTX 0 < y − x < xX

qB2 M2?K2M �M- 2b ;2#2 GƺbmM;2M pQM S2HHU+V Q/2` pQM S2HHU−V- /B2 MB+?i KBi /2M Q#B;2M
_2Fm`bBQMb7Q`K2HM 2`x2m;i r2`/2M FƺMM2MX qB` r ?H2M mMi2` �HH /B2b2M GƺbmM;2M /B2D2MB;2 KBi
/2K FH2BMbi2M x@q2`i mM/ M2MM2M bB2 (ỹ, x̃)X

�mb yn+1 = yn + 2xn mM/ xn+1 = yn + xn 7QH;i mK;2F2?`i yn = −yn+1 + 2xn+1 mM/
xn = yn+1 − xn+1X

q2;2M
(−ỹ + 2x̃)2 − 2 (ỹ − x̃)2 = −

(
ỹ2 − 2x̃2

)

r `2 KBi (ỹ, x̃) �m+? (−ỹ + 2x̃, ỹ − x̃) GƺbmM; pQM S2HHU+V Q/2` pQM S2HHU−V- r2H+?2 2#2M7�HHb
MB+?i /m`+? /B2 _2Fm`bBQMb7Q`K2HM 2`x2m;i r2`/2M F�MMX

q2;2M 0 < ỹ− x̃ < x̃ ? ii2 /B2 M2m2 GƺbmM; �#2` 2BM2M FH2BM2`2M UBKK2` MQ+? TQbBiBp2MV x@q2`i
�Hb (ỹ, x̃)X .�b Bbi 2BM qB/2`bT`m+?X !

"2K2`FmM;, �m+? KBi ;`Qbb2M q2`i2M 7Ƀ` yn mM/ xn rB`/ /B2 2Mibi2?2M/2 Ǵ"2BM�?2@Svi?�;Q`�bǴ@
EQM};m`�iBQM MB2 ;�Mx `2+?irBMFHB; b2BMX .2` qBMF2H BK x2Mi`�H2M ;H2B+?b+?2MFHB;2M .`2B2+F #2i` ;i
M�+? EQbBMmbb�ix y2n = x2n + x2n − 2x2n cos γ mM/ r2;2M y2n − 2x2n = ±1

γ = arccos
±1

2x2n
.

q `2M BM �##BH/mM; R �HH2 > mb+?2M ;H2B+? ;`Qbb- #2F K2 K�M KBi x = 5

γ = arccos
1

50
≈ 88.850.

j .B2 GƺbmM;2M pQM S2HHU−V Q/2` S2HHU+V mM/ E2ii2M#`Ƀ+?2

.B2 GƺbmM;2M (1, 1), (3, 2), (7, 5), (17, 12), (41, 29), (99, 70) pQM S2HHU−V Q/2` pQM S2HHU+V- D2 �Hb
"`m+? ;2b+?`B2#2M- i�m+?2M BM 2BM2K r2Bi2`2M "BH/ pQM 1m;2M CQbi �m75

�##BH/mM; k
.B2 "`Ƀ+?2 1

1 ,
3
2 ,

7
5 ,

17
12 ,

41
29 ,

99
70 bBM/ L ?2`mM;b#`Ƀ+?2 /2b E2ii2M#`m+?2b pQM

√
2X

.2M E2ii2M#`m+? pQM
√
2 #2FQKKi K�M- r2MM K�M /2M 1mFHB/Bb+?2M �H;Q`Bi?Kmb KBi

√
2 mM/ 1

/m`+?7Ƀ?`iX
√
2 = 1 · 1 +

(√
2− 1

)
KBi 0 < r1 =

√
2− 1 < 1

1 = 2 ·
(√

2− 1
)
+
(
3− 2

√
2
)

KBi 0 < r2 = 3− 2
√
2 <
√
2− 1

√
2− 1 = 2 ·

(
3− 2

√
2
)
+
(
5
√
2− 7

)
KBi 0 < r3 = 5

√
2− 7 < 3− 2

√
2

.B2 h2`K2 r2`/2M BKK2` FQKTHBxB2`i2`5 JmHiBTHBxB2`i K�M �#2` /B2 H2ixi2 :H2B+?mM; �m7 #2B/2M a2B@
i2M KBi

√
2 + 1- /�MM #2FQKKi K�M ;2`�/2 /B2 KBiiH2`2 :H2B+?mM;5 6QH;HB+? r2`/2M �HH2 7QH;2M/2M

.BpBbBQM2M KBi _2bi BKK2` pQM /2` 6Q`K p = 2 · q + r KBi r < q b2BMX

.2` E2ii2M#`m+? pQM
√
2 H�mi2i �HbQ, 1 +

1

2 + 1
2+ 1

2+ 1
2+ 1

2+ 1

XXX

.B2 2`bi2M L ?2`mM;b#`Ƀ+?2 H�mi2M UbB2?2 �##BH/mM; kV,

1 =
1

1
=

y1
x1

, 1 +
1

2
=

3

2
=

y2
x2

, 1 +
1

2 + 1
2

=
7

5
=

y3
x3

, 1 +
1

2 + 1
2+ 1

2

=
17

12
=

y4
x4

.

L ?2`mM;b#`Ƀ+?2 bBM/ @ rB2 /2` L�K2 b+?QM b�;i @ "`Ƀ+?2- /B2 2BM2 ;2;2#2M2 B``�iBQM�H2 w�?H b2?`
;mi �TT`QtBKB2`2MX J�M F�MM xmK "2BbTB2H x2B;2M- /�bb F2BM "`m+? KBi UM�iɃ`HB+?2KV L2MM2` ≤ 12
2tBbiB2`i- /2` bB+? pQM

√
2 r2MB;2` mMi2`b+?2B/2i �Hb 17

12 X
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a2B yn
xn

/2` ;2FɃ`xi2 n@i2 L ?2`mM;b#`m+? pQM
√
2X .�MM ;BHi 7Ƀ` /2M M +?bi2M E2ii2M#`m+?

yn+1

xn+1
= 1 +

1

1 + yn
xn

=
yn + 2xn
yn + xn

.

.2` "`m+? `2+?ib Bbi /�#2B #2`2Bib pQHHbi M/B; ;2FɃ`xi- /2MM 7Ƀ` /2M ;`ƺbbi2M ;2K2BMb�K2M h2BH2` ;BHi

;;h(yn + 2xn, yn + xn) = ;;h(xn, yn + xn) = ;;h(xn, yn) = 1.

.� M�+? .2}MBiBQM yn+1

xn+1
2#2M7�HHb pQHHbi M/B; ;2FɃ`xi Bbi- FƺMM2M rB` /B2 w ?H2` mM/ L2MM2` D2

;H2B+?b2ix2M,

yn+1 = yn + 2xn

xn+1 = yn + xn.

qB` }M/2M /B2 ;H2B+?2M _2Fm`bBQMb7Q`K2HM rB2 Q#2M 7Ƀ` /B2 GƺbmM;2M /2` #2B/2M S2HHb+?2M :H2B+?mM;2M5

6�xBi, �HH2 EQM};m`�iBQM2M- #2B /2M2M ǶSvi?�;Q`�bǶ mK 1 p2`72?Hi rB`/- 2`;2#2M bB+? �Hb GƺbmM;2M /2`
#2B/2M S2HH@:H2B+?mM;2M- /m`+? /B2 1MirB+FHmM; pQM

(
1 +
√
2
)n Q/2` /m`+? /2M E2ii2M#`m+? pQM

√
2X

9 S2HHU+V ←→ Ǵ.`2B2+Fbx�?H4Zm�/`�ix�?HǴ

"2i`�+?i2M rB` MQ+? 2BMK�H /B2 :H2B+?mM; S2HHU+V, y2 − 2x2 = 1X

a�ix,

Abi (y, x) GƺbmM; pQM y2 − 2x2 = 1- /�MM Bbi (k, s) KBi k = y−1
2 mM/ s = x

2 GƺbmM; pQM k(k+1)
2 = s2X

Abi (k, s) GƺbmM; pQM k(k+1)
2 = s2 /�MM Bbi (y, x) KBi y = 2k+1 mM/ x = 2s GƺbmM; pQM y2− 2x2 = 1X

k(k+1)
2 = 1 + 2 + 3 + · · ·+ k Bbi /B2 k@i2 .`2B2+Fbx�?HX

C2/2` GƺbmM; pQM S2HHU+V 2MibT`B+?i 2BM/2miB; 2BM2 .`2B2+Fbx�?H- /B2 ;H2B+?x2BiB; 2BM2 Zm�/`�ix�?H BbiX

"2r2Bb, .� 2x2 ;2`�/2 Bbi- Kmbb y2 = 2x2 +1 mM;2`�/2 b2BMX .�KBi Bbi �m+? y mM;2`�/2- �HbQ pQM /2`
6Q`K y = 2k + 1X

y2 = (2k + 1)2 = 4k2 + 4k + 1 = 2x2 + 1 =⇒ x2 = 2k2 + 2k = 2(k2 + k)X

�HbQ Bbi x2 ;2`�/2 mM/ /�KBi �m+? xX 1BMb2ix2M pQM x = 2s 2`;B#i b+?HB2bbHB+?

k(k + 1)

2
= s2.

.B2 a+?Hmbb`B+?imM;2M H�bb2M bB+? mKF2?`2MX !
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a2B yn
xn

/2` ;2FɃ`xi2 n@i2 L ?2`mM;b#`m+? pQM
√
2X .�MM ;BHi 7Ƀ` /2M M +?bi2M E2ii2M#`m+?

yn+1

xn+1
= 1 +

1

1 + yn
xn

=
yn + 2xn
yn + xn

.

.2` "`m+? `2+?ib Bbi /�#2B #2`2Bib pQHHbi M/B; ;2FɃ`xi- /2MM 7Ƀ` /2M ;`ƺbbi2M ;2K2BMb�K2M h2BH2` ;BHi

;;h(yn + 2xn, yn + xn) = ;;h(xn, yn + xn) = ;;h(xn, yn) = 1.

.� M�+? .2}MBiBQM yn+1

xn+1
2#2M7�HHb pQHHbi M/B; ;2FɃ`xi Bbi- FƺMM2M rB` /B2 w ?H2` mM/ L2MM2` D2

;H2B+?b2ix2M,

yn+1 = yn + 2xn

xn+1 = yn + xn.

qB` }M/2M /B2 ;H2B+?2M _2Fm`bBQMb7Q`K2HM rB2 Q#2M 7Ƀ` /B2 GƺbmM;2M /2` #2B/2M S2HHb+?2M :H2B+?mM;2M5

6�xBi, �HH2 EQM};m`�iBQM2M- #2B /2M2M ǶSvi?�;Q`�bǶ mK 1 p2`72?Hi rB`/- 2`;2#2M bB+? �Hb GƺbmM;2M /2`
#2B/2M S2HH@:H2B+?mM;2M- /m`+? /B2 1MirB+FHmM; pQM

(
1 +
√
2
)n Q/2` /m`+? /2M E2ii2M#`m+? pQM

√
2X

9 S2HHU+V ←→ Ǵ.`2B2+Fbx�?H4Zm�/`�ix�?HǴ

"2i`�+?i2M rB` MQ+? 2BMK�H /B2 :H2B+?mM; S2HHU+V, y2 − 2x2 = 1X

a�ix,

Abi (y, x) GƺbmM; pQM y2 − 2x2 = 1- /�MM Bbi (k, s) KBi k = y−1
2 mM/ s = x

2 GƺbmM; pQM k(k+1)
2 = s2X

Abi (k, s) GƺbmM; pQM k(k+1)
2 = s2 /�MM Bbi (y, x) KBi y = 2k+1 mM/ x = 2s GƺbmM; pQM y2− 2x2 = 1X

k(k+1)
2 = 1 + 2 + 3 + · · ·+ k Bbi /B2 k@i2 .`2B2+Fbx�?HX

C2/2` GƺbmM; pQM S2HHU+V 2MibT`B+?i 2BM/2miB; 2BM2 .`2B2+Fbx�?H- /B2 ;H2B+?x2BiB; 2BM2 Zm�/`�ix�?H BbiX

"2r2Bb, .� 2x2 ;2`�/2 Bbi- Kmbb y2 = 2x2 +1 mM;2`�/2 b2BMX .�KBi Bbi �m+? y mM;2`�/2- �HbQ pQM /2`
6Q`K y = 2k + 1X

y2 = (2k + 1)2 = 4k2 + 4k + 1 = 2x2 + 1 =⇒ x2 = 2k2 + 2k = 2(k2 + k)X

�HbQ Bbi x2 ;2`�/2 mM/ /�KBi �m+? xX 1BMb2ix2M pQM x = 2s 2`;B#i b+?HB2bbHB+?

k(k + 1)

2
= s2.

.B2 a+?Hmbb`B+?imM;2M H�bb2M bB+? mKF2?`2MX !

"2BbTB2H2,

6Ƀ` (y, x) = (3, 2) ;BHi 32 − 2 · 22 = 1 ⇐⇒ 6Ƀ` (k, s) = (1, 1) ;BHi 1 · 2
2

= 1 = 12

6Ƀ` (y, x) = (17, 12) ;BHi 172 − 2 · 122 = 1 ⇐⇒ 6Ƀ` (k, s) = (8, 6) ;BHi
8 · 9
2

= 1 + · · · + 8 = 62

6Ƀ` (y, x) = (99, 70) ;BHi 992 − 2 · 702 = 1 ⇐⇒ 6Ƀ` (k, s) = (49, 35) ;BHi 49 · 50
2

= 1 + · · ·+ 49 = 352

�##BH/mM; j
.�b /mMFH2 _2+?i2+F /2` "`2Bi2 8

2 mM/ /2` >ƺ?2 8 + 1 bi2?i 7Ƀ` 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 = 8·9
2 -

/�b /mMFH2 Zm�/`�i 7Ƀ` 62X �m+? r2;2M /2b >ƺ?2Mb�ix2b bBM/ #2B/2 6H +?2M ;H2B+?X

8 S2HHU−V ←→ aT2xB2HH2 Tvi?�;Q` Bb+?2 w�?H2Mi`BT2H

a�ix,

Abi (y, x) GƺbmM; pQM y2 − 2x2 = −1- /�MM Bbi (k, x) KBi k = y−1
2 GƺbmM; pQM k2 + (k + 1)2 = x2X

Abi (k, x) GƺbmM; pQM k2 + (k + 1)2 = x2 /�MM Bbi (y, x) KBi y = 2k + 1 GƺbmM; pQM y2 − 2x2 = −1X

C2/2` GƺbmM; pQM y2 − 2x2 = −1 2MibT`B+?i 2BM/2miB; 2BM Tvi?�;Q` Bb+?2b w�?H2Mi`BT2H- #2B /2K bB+?
/B2 E�i?2i2MH M;2M mK 1 mMi2`b+?2B/2M5

"2r2Bb, �m+? #2B /2` :H2B+?mM; y2 − 2x2 = −1 Kmbb y2 mM/ /�KBi y mM;2`�/2 b2BM, y = 2k + 1X

y2 − 2x2 = (2k + 1)2 − 2x2 = 4k2 + 4k + 1− 2x2 = −1 =⇒ 2k2 + 2k + 1 = k2 + (k + 1)2 = x2

.B2 a+?Hmbb`B+?imM;2M H�bb2M bB+? 2#2M7�HHb mKF2?`2MX !
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"2BbTB2H2,

6Ƀ` (y, x) = (1, 1) ;BHi 12 − 2 · 12 = −1 ⇐⇒ 6Ƀ` (k, x) = (0, 1) ;BHi 02 + 12 = 12

6Ƀ` (y, x) = (7, 5) ;BHi 72 − 2 · 52 = −1 ⇐⇒ 6Ƀ` (k, x) = (3, 5) ;BHi 32 + 42 = 52

6Ƀ` (y, x) = (41, 29) ;BHi 412 − 2 · 252 = −1 ⇐⇒ 6Ƀ` (k, x) = (20, 29) ;BHi 202 + 212 = 292

�##BH/mM; 9, .2K "BH/ pQM 1m;2M CQbi BM �##BH/mM; R 2MibT`B+?i ;2`�/2 /�b #2`Ƀ?Ki2bi2 Tvi?�;Q` Bb+?2
w�?H2Mi`BT2H 32 + 42 = 52X

e EQKK2Mi�`

.B2 ?B2` pQ`;2bi2HHi2M h�ib�+?2M bBM/ M�iɃ`HB+? �HH2 H M;bi #2F�MMiX

1b ;BM; /2M �miQ`2M /�`mK- �m7xmx2B;2M- rB2 EmMbi- /B2 "BH/2` pQM 1m;2M CQbi BK aT2xB2HH2M- bT�M@
M2M/2 _2Bb2M BM /B2 q2Hi /2` J�i?2K�iBF 2`Kƺ;HB+?2M FƺMM2MX

�m7 /2` ?B2` #2b+?`B2#2M2M _2Bb2 bBM/ rB` /2K a�ix /2b Svi?�;Q`�b- S2HH@:H2B+?mM;2M- _2Fm`bBQMb7Q`@
K2HM- /2K EQbBMmbb�ix- E2ii2M#`Ƀ+?2M- L ?2`mM;b#`Ƀ+?2M- /2K 1mFHB/Bb+?2M �H;Q`Bi?Kmb- .`2B2+Fbx�@
?H2M- Zm�/`�ix�?H2M- /2K >ƺ?2Mb�ix mM/ Tvi?�;Q` Bb+?2M w�?H2Mi`BT2HM #2;2;M2i5

1b r�`i2M r2Bi2`2 _2Bb2M5 UaB2?2 xmK "2BbTB2H (R)- (k)- (j)XV

GBi2`�im`- Zm2HH2M

(R) 1HB J�Q` �M/ 1m;2M CQbi- "2�miB7mH :2QK2i`v- S`BM+2iQM lMBp2`bBiv S`2bb- kyR9

(k) S2i2` "�TiBbi- �H#`2+?i "2mi2Hb#�+?2`- �HH2b Bbi w�?H- KBi JQiBp2M pQM 1m;2M CQbi-
Aq J2/B2M- kyyN

(j) S2i2` "�TiBbi- 1m;2M CQbi- *�`bi2M JBHH2`- �HH2b Bbi w�?H, J�i?2K�iBF �M/2`b�_hB;-
"�v`2mi?- kyRj


