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J2Mb+?2MTv`�KB/2
S2i2` :�HHBM- T2i2`!;�HHBMX+?

�m7 AMbi�;`�K BK AMi2`M2i ?�#2 B+? mMi2` OTm`2#HQQK+#/ 2B@
M2 J2Mb+?2MTv`�KB/2 ;27mM/2M- #2B /2` bB+? /B2 6`�;2 bi2HHi-
rB2 ;`Qbb /2MM /B2 "2H�bimM;2M �m7 > M/2M mM/ 6Ƀbb2M /2`
#2i2BHB;i2M J2Mb+?2M rQ?H bBM/X qB` M2?K2M �M- /�bb D2/2
S2`bQM BM /B2b2` Sv`�KB/2 /�b :2rB+?i R ?�i mM/ /�bb #2B
/B2b2` �`i /2` �#biɃixmM; D2 /B2 > H7i2 /2b :2rB+?ib �m7 /B2
6Ƀbb2 `2bTX �m7 /B2 > M/2 7�HH2MX wmb ixHB+? M2?K2M rB` �M-
/�bb /�MF /2` "�m+?KmbF2HM /B2 E` 7i2 /2` 6Ƀbb2 mM/ > M/2
�m7 /B2 lMi2`H�;2 bi2ib ;2M�m p2`iBF�H ;2`B+?i2i bBM/X .�KBi
/` M;i bB+? 2BM2 1t+2H@h�#2HH2 �m7- BM /2` �m7;2HBbi2i rB`/-
r2H+?2b :2rB+?i �m7 /2K :2b bb D2/2` S2`bQM H�bi2iX

AM /2` w2BH2 y ?�#2M rB` /�b :2rB+?i y- r2BH �m7 /2` Q#2`bi2M S2`bQM F2BM :2rB+?i H�bi2iX AM /2` w2BH2 R
?�#2M rB` HBMFb mM/ `2+?ib D2 /�b :2rB+?i RfkX qB` MQiB2`2M BM /2` h�#2HH2 KBi /2M w ?H2`M xr2B 1BMb2M
mM/ /2M L2MM2` k ;�Mx HBMFbX AM /2` w2BH2 k rB`/ 2b BMi2`2bb�Mi2`, .�b "2BM;2rB+?i Rfk /2` Q#2`bi2M
S2`bQM p2`i2BHi bB+? xm` > H7i2 �m7 /B2 "2BM2 mM/ xm` > H7i2 �m7 /B2 �`K2 /2` HBMF2M S2`bQM /2` w2BH2 kX
wmK 2B;2M2M "2BM;2rB+?i Rfk /2` HBMF2M S2`bQM FQKKi �HbQ MQ+? Rf9 /�xmX aQKBi /`Ƀ+Fi bB2 KBi
B?`2M "2BM2M KBi jf9 :2rB+?i M�+? mMi2MX �m+? KBi /2M > M/2M /`Ƀ+Fi bB2 KBi jf9 M�+? mMi2MX .�xm
FQKKi �M /B2b2K KBiiH2`2M SmMFi MQ+? /�b :2rB+?i /2` 6Ƀbb2 /2` `2+?i2M S2`bQM- /�b M�iɃ`HB+? �m+?
jf9 BbiX AM /2` JBii2 ?�i K�M �HbQ /�b :2rB+?i ef9X :�Mx `2+?ib ?�i K�M r2;2M /2` avKK2i`B2 rB2/2`
jf9X AM /2` h�#2HH2 MQiB2`2M rB` /B2 w ?H2` j- e- j mM/ /2M L2MM2` 9 ;�Mx HBMFb �mbb2MX 6Ƀ` D2/2M SmMFi
BK AMM2`M /2` Sv`�KB/2 rB`/ /�b :2b�Ki;2rB+?i MmM 7QH;2M/2`K�bb2M #2biBKKi, J�M ?�H#B2`i /B2
:2rB+?i2 /2` #2B/2M /�`Ƀ#2` HB2;2M/2M SmMFi2 mM/ �//B2`i MQ+? xr2BK�H Rfk- �HbQ RX AM /2` h�#2HH2
/2` w ?H2` �//B2`i K�M xr2B M2#2M2BM�M/2` HB2;2M/2 w�?H2M mM/ �//B2`i /2M /QTT2Hi bQ ;`Qbb2M L2MM2`
/2` M�+?7QH;2M/2M w2BH2- r�b /2` �//BiBQM /2b :2rB+?ib R 2MibT`B+?iX �K _�M/ /2` h�#2HH2 KBi /2M
w ?H2`M bi2?2M /B2 mK R `2/mxB2`i2M wr2B2`TQi2Mx2M- r2BH /Q`i /B2 :2rB+?i2 �Hb amKK2 /2` BMp2`b2M
wr2B2`TQi2Mx2M #2`2+?M2i r2`/2M, Rfk Y Rf9 Y Rf3 Y RfRe 4 R8fReX .�b "BH/mM;b;2b2ix /2` h�#2HH2
 ?M2Hi /2KD2MB;2M /2` "BMQKB�HFQ2{xB2Mi2M KBi /2K 2Mib+?2B/2M/2M lMi2`b+?B2/- /�bb MB+?i Mm` xr2B
#2M�+?#�`i2 w�?H2M 2BM2` w2BH2 n �//B2`i r2`/2M- bQM/2`M xmb ixHB+? MQ+? /2` L2MM2` /2` M +?bi2M
w2BH2 n + 1X .B2 amKK2 /B2b2` /`2B w�?H2M 2`;B#i /B2 w�?H BM /2` w2BH2 n + 1 xrBb+?2M /2M #2B/2M
w�?H2M BM w2BH2 nX "2B /2` mMi2`bi2M w2BH2 b+?HɃbb2HM rB` /B2 :2rB+?i2 �m7 M�+? > M/2M mM/ 6Ƀbb2M
mM/ b2ix2M xrBb+?2M /B2 #2B/2M w�?H2M /�b w2B+?2M �X 1b 2`bi�mMi- /�bb /B2 ;`ƺbbi2 G�bi �m7 > M/2M
`2bTX 6Ƀbb2M mMi2M BM /2` JBii2 Mm` eefjk #2i` ;i- �HbQ r2MB; K2?` �Hb kX

L�iɃ`HB+? bi2HHi bB+? D2ixi /B2 6`�;2- Q# 2b Kƺ;HB+? Bbi- 2BM2 ;2b+?HQbb2M2 6Q`K2H 7Ƀ` /B2 w�?H2M /2`
h�#2HH2 xm }M/2MX wm /B2b2K wr2+F b+?`2B#2M rB` /B2 h�#2HH2 BM �M/2`2` 6Q`K mM/ 2`r2Bi2`M bB2 mK
2BM T��` w2BH2M mM/ aT�Hi2M- /�KBi /B2 *?�M+2 #2bi2?i- 2BM "BH/mM;b;2b2ix xm }M/2MX .B2 o�`B�#H2 n
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J2Mb+?2MTv`�KB/2
S2i2` :�HHBM- T2i2`!;�HHBMX+?

�m7 AMbi�;`�K BK AMi2`M2i ?�#2 B+? mMi2` OTm`2#HQQK+#/ 2B@
M2 J2Mb+?2MTv`�KB/2 ;27mM/2M- #2B /2` bB+? /B2 6`�;2 bi2HHi-
rB2 ;`Qbb /2MM /B2 "2H�bimM;2M �m7 > M/2M mM/ 6Ƀbb2M /2`
#2i2BHB;i2M J2Mb+?2M rQ?H bBM/X qB` M2?K2M �M- /�bb D2/2
S2`bQM BM /B2b2` Sv`�KB/2 /�b :2rB+?i R ?�i mM/ /�bb #2B
/B2b2` �`i /2` �#biɃixmM; D2 /B2 > H7i2 /2b :2rB+?ib �m7 /B2
6Ƀbb2 `2bTX �m7 /B2 > M/2 7�HH2MX wmb ixHB+? M2?K2M rB` �M-
/�bb /�MF /2` "�m+?KmbF2HM /B2 E` 7i2 /2` 6Ƀbb2 mM/ > M/2
�m7 /B2 lMi2`H�;2 bi2ib ;2M�m p2`iBF�H ;2`B+?i2i bBM/X .�KBi
/` M;i bB+? 2BM2 1t+2H@h�#2HH2 �m7- BM /2` �m7;2HBbi2i rB`/-
r2H+?2b :2rB+?i �m7 /2K :2b bb D2/2` S2`bQM H�bi2iX

AM /2` w2BH2 y ?�#2M rB` /�b :2rB+?i y- r2BH �m7 /2` Q#2`bi2M S2`bQM F2BM :2rB+?i H�bi2iX AM /2` w2BH2 R
?�#2M rB` HBMFb mM/ `2+?ib D2 /�b :2rB+?i RfkX qB` MQiB2`2M BM /2` h�#2HH2 KBi /2M w ?H2`M xr2B 1BMb2M
mM/ /2M L2MM2` k ;�Mx HBMFbX AM /2` w2BH2 k rB`/ 2b BMi2`2bb�Mi2`, .�b "2BM;2rB+?i Rfk /2` Q#2`bi2M
S2`bQM p2`i2BHi bB+? xm` > H7i2 �m7 /B2 "2BM2 mM/ xm` > H7i2 �m7 /B2 �`K2 /2` HBMF2M S2`bQM /2` w2BH2 kX
wmK 2B;2M2M "2BM;2rB+?i Rfk /2` HBMF2M S2`bQM FQKKi �HbQ MQ+? Rf9 /�xmX aQKBi /`Ƀ+Fi bB2 KBi
B?`2M "2BM2M KBi jf9 :2rB+?i M�+? mMi2MX �m+? KBi /2M > M/2M /`Ƀ+Fi bB2 KBi jf9 M�+? mMi2MX .�xm
FQKKi �M /B2b2K KBiiH2`2M SmMFi MQ+? /�b :2rB+?i /2` 6Ƀbb2 /2` `2+?i2M S2`bQM- /�b M�iɃ`HB+? �m+?
jf9 BbiX AM /2` JBii2 ?�i K�M �HbQ /�b :2rB+?i ef9X :�Mx `2+?ib ?�i K�M r2;2M /2` avKK2i`B2 rB2/2`
jf9X AM /2` h�#2HH2 MQiB2`2M rB` /B2 w ?H2` j- e- j mM/ /2M L2MM2` 9 ;�Mx HBMFb �mbb2MX 6Ƀ` D2/2M SmMFi
BK AMM2`M /2` Sv`�KB/2 rB`/ /�b :2b�Ki;2rB+?i MmM 7QH;2M/2`K�bb2M #2biBKKi, J�M ?�H#B2`i /B2
:2rB+?i2 /2` #2B/2M /�`Ƀ#2` HB2;2M/2M SmMFi2 mM/ �//B2`i MQ+? xr2BK�H Rfk- �HbQ RX AM /2` h�#2HH2
/2` w ?H2` �//B2`i K�M xr2B M2#2M2BM�M/2` HB2;2M/2 w�?H2M mM/ �//B2`i /2M /QTT2Hi bQ ;`Qbb2M L2MM2`
/2` M�+?7QH;2M/2M w2BH2- r�b /2` �//BiBQM /2b :2rB+?ib R 2MibT`B+?iX �K _�M/ /2` h�#2HH2 KBi /2M
w ?H2`M bi2?2M /B2 mK R `2/mxB2`i2M wr2B2`TQi2Mx2M- r2BH /Q`i /B2 :2rB+?i2 �Hb amKK2 /2` BMp2`b2M
wr2B2`TQi2Mx2M #2`2+?M2i r2`/2M, Rfk Y Rf9 Y Rf3 Y RfRe 4 R8fReX .�b "BH/mM;b;2b2ix /2` h�#2HH2
 ?M2Hi /2KD2MB;2M /2` "BMQKB�HFQ2{xB2Mi2M KBi /2K 2Mib+?2B/2M/2M lMi2`b+?B2/- /�bb MB+?i Mm` xr2B
#2M�+?#�`i2 w�?H2M 2BM2` w2BH2 n �//B2`i r2`/2M- bQM/2`M xmb ixHB+? MQ+? /2` L2MM2` /2` M +?bi2M
w2BH2 n + 1X .B2 amKK2 /B2b2` /`2B w�?H2M 2`;B#i /B2 w�?H BM /2` w2BH2 n + 1 xrBb+?2M /2M #2B/2M
w�?H2M BM w2BH2 nX "2B /2` mMi2`bi2M w2BH2 b+?HɃbb2HM rB` /B2 :2rB+?i2 �m7 M�+? > M/2M mM/ 6Ƀbb2M
mM/ b2ix2M xrBb+?2M /B2 #2B/2M w�?H2M /�b w2B+?2M �X 1b 2`bi�mMi- /�bb /B2 ;`ƺbbi2 G�bi �m7 > M/2M
`2bTX 6Ƀbb2M mMi2M BM /2` JBii2 Mm` eefjk #2i` ;i- �HbQ r2MB; K2?` �Hb kX

L�iɃ`HB+? bi2HHi bB+? D2ixi /B2 6`�;2- Q# 2b Kƺ;HB+? Bbi- 2BM2 ;2b+?HQbb2M2 6Q`K2H 7Ƀ` /B2 w�?H2M /2`
h�#2HH2 xm }M/2MX wm /B2b2K wr2+F b+?`2B#2M rB` /B2 h�#2HH2 BM �M/2`2` 6Q`K mM/ 2`r2Bi2`M bB2 mK
2BM T��` w2BH2M mM/ aT�Hi2M- /�KBi /B2 *?�M+2 #2bi2?i- 2BM "BH/mM;b;2b2ix xm }M/2MX .B2 o�`B�#H2 n

;B#i /B2 w2BH2MMmKK2` �M- #2;BMM2M/ KBi y- /B2 o�`B�#H2 s ;B#i �M�HQ; /B2 aT�Hi2MMmKK2` �MX �//B2`i
K�M BM D2/2` w2BH2 �HH2 w�?H2M mM/ /BpB/B2`i /m`+? /2M xm;2?ƺ`B;2M L2MM2` /B2b2` w2BH2- 2`? Hi K�M /�b
:2b�Ki;2rB+?i BM /B2b2` w2BH2 mM/ bQKBi Ĝ r2BH D2/2 S2`bQM /�b :2rB+?i R ?�i Ĝ /B2 �Mx�?H S2`bQM2M
/2` ;�Mx2M Sv`�KB/2 Q#2`?�H# #Bb mM/ KBi /B2b2` w2BH2X .�b bBM/ /B2 bQ;2M�MMi2M .`2B2+Fbx�?H2MX

LmM ;2?i 2b /�`mK- 2BM2M h2`K xn,s xm }M/2M- /2` 7Ƀ` D2/2 w2BH2 n mM/ aT�Hi2 s /2M q2`i BM /2`
h�#2HH2 HB272`i mM/ /B2 _2Fm`bBQM7Q`K2H xn+1,s+1 = xn,s + xn,s+1 + 2n+1 2`7ɃHHi U0 ≤ s ≤ nVX

wm2`bi ?�#2 B+? /B2 aT�Hi2M7QH;2M mMi2`bm+?i mM/ /B2 .Bz2`2Mx2M7QH;2M p2`iBF�H /�M2#2M �m7;2HBbi2iX
�Hb "2BbTB2H bQHH ?B2` /B2 aT�Hi2 s = 4 /B2M2MX

1b 7 HHi �m7 Ĝ mM/ /�b Bbi #2B �HH2M aT�Hi2M bQ Ĝ- /�bb /B2 bQ;2M�MMi2M _�M/x�?H2M /2` p2`iBF�H MQiB2`i2M
.Bz2`2Mx2M7QH;2M xmM2?K2M mM/ /�MM FQMbi�Mi #H2B#2M- ?B2` pQM R8 #Bb R99X .B2 _�M/x�?H2M bBM/ /B2
xmQ#2`bi MQiB2`i2M ai�`ir2`i2 /2` .Bz2`2Mx2M7QH;2MX .B2 EQMbi�Mx #2/2mi2i- /�bb /B2 .Bz2`2Mx2M7QH;2M
�# 2BM2` ;2rBbb2M LmKK2` Ĝ ?B2` �# /2` 7ɃM7i2M Ĝ #2bQM/2`2 6QH;2M bBM/, .B2 .Bz2`2Mx2M7QH;2M bBM/
�# /Q`i BKK2` /B2 ;H2B+?2M ;2QK2i`Bb+?2M 6QH;2M KBi /2K ZmQiB2Mi2M kX q2Bi2` 7 HHi �m7- /�bb /B2
.Bz2`2Mx2M /2` .Bz2`2Mx2M /2` _�M/x�?H2M "BMQKB�HFQ2{xB2Mi2M /2` (s + 2)@i2M w2BH2 /2b S�b+�H@
.`2B2+Fb bBM/X

�Hb �M/2`2M �Mb�ix ?�#2 B+? p2`bm+?i- ;2b+?HQbb2M2 h2`K2 7Ƀ` /B2 aT�Hi2M /2` h�#2HH2 xm }M/2MX .�b
Bbi KB` 7Ƀ` /B2 2`bi2M T��` aT�Hi2M ;2HmM;2MX EH�` Bbi /2` 6�HH s = 0, xn,0 = 2n − 1X 6Ƀ` s = 1 ?�i /B2
AMi2`M2ib2Bi2 !?iiTb,ffQ2BbXQ`;f\H�M;m�;24;2`K�M" 2BM2M oQ`b+?H�; ;2HB272`i, xm,1 = 6 ·2m−m−5 =
3 · 2m+1 −m− 5X >B2` Bbi m = n− 1X "2B /2` aT�Hi2 s = 2 7Ƀ?`i2 /B2 _2Fm`bBQMb#2xB2?mM; /2` h�#2HH2

xm+1,2 − xm,2 = xm+1,1 + 2m+3 = 6 · 2m+1 − (m+ 1)− 5 + 2m+3 = 5 · 2m+2 −m− 6

U?B2` Bbi m = n− 2V xmb�KK2M KBi /2K �Mb�ix xm,2 = 5 · 2m+2− (am2+ bm+ c) KBi /2M S�`�K2i2`M
a- b mM/ c xmK wB2H,

xm,2 = 5 · 2m+2 − m

2
(m+ 11)− 17 (m = n− 2)

�M�HQ; 2`;�# bB+?,

xm,3 = 7 · 2m+3 − m

6
(m2 + 18m+ 119)− 49 (m = n− 3)
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J�M 2`F2MMi- /�bb M2#2M /2M wr2B2`TQi2Mx2M SQHvMQK2 pQM BKK2` ?ƺ?2`2K :`�/ BM m bm#i`�?B2`i
r2`/2MX P# /B2b2 SQHvMQK2 bB+? /m`+? "BMQKB�HFQ2{xB2Mi2M �mb/`Ƀ+F2M H�bb2M- #H2B#i pQ`2`bi Qz2MX

aQ #BM B+? xm`Ƀ+F;2F2?`i xmK 2`bi2M q2; KBi /2M .Bz2`2Mx2M7QH;2MX wm2`bi rQHHi2 B+? /B2 _�M/x�?H2M
rs,j 7Ƀ` /B2 aT�Hi2 s #2biBKK2MX q ?`2M/ 7Ƀ` �HH2 s /B2 2`bi2 7Ƀ` j = 0 KBi rs,0 = 2s−1 bQ7Q`i FH�` r�`-
Kmbbi2 /B2 H2ixi2- �# /2` /�MM H�mi2` EQMbi�Mi2M �m7i`2i2M- #2biBKKi r2`/2MX L�+? 2BMB;2K am+?2M
2`;�# bB+?,

rs,s+1 = 2s(2s+ 1)

.�b Bbi /B2 EQMbi�Mi2- pQM /2` �mb bB+? /B2 �M/2`2M _�M/x�?H2M rs,s- rs,s−1- XXX - rs,0 �#bi2B;2M/ #2@
biBKK2M H�bb2MX .�b ;2b+?B2?i /m`+? 7Q`iH�m72M/2b am#i`�?B2`2M pQM "BMQKB�HFQ2{xB2Mi2M- pQM /2M2M
HBM2�` �#M2?K2M/2 oB2H7�+?2 ;2MQKK2M r2`/2M KɃbb2MX G M;2`2b S`Q#B2`2M HB272`i2 b+?HB2bbHB+?,

rs,j = 2s(2s+ 1)−
s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

)

6Ƀ` j = 0 p2`}xB2`i K�M KBii2Hb /2` 6Q`K2H
∑n

k=0 k
(n
k

)
= n · 2n−1- /�bb rs,0 = 2s − 1X 6Ƀ` j = s 2`;B#i

bB+? FQ``2Fi2`r2Bb2 rs,s = 2s(2s+ 1)− 1 mM/ 7Ƀ` j > s r2;2M /2` r2;7�HH2M/2M amKK2 /2` FQMbi�Mi2
q2`i 2s(2s+1)X aQ#�H/ K�M /B2 _�M/x�?H2M F2MMi- F�MM K�M 7Ƀ` D2/2b s /B2 m`bT`ɃM;HB+?2 6QH;2 xn,s
/m`+? /�b �m7�//B2`2M /2` KBi "BMQKB�HFQ2{xB2Mi2M ;2rB+?i2i2M _�M/x�?H2M #2`2+?M2M,

xn,s =
n−s∑

j=0

(
n− s

j

)
rs,j =

n−s∑

j=0

(
n− s

j

)(
2s(2s+ 1)−

s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

))

.� /2` 2`bi2 amKK�M/ BM /2` EH�KK2` MB+?i pQM j �#? M;i- FƺMM2M rB` p2`2BM7�+?2M mM/ 2`?�Hi2M,

xn,s = 2n(2s+ 1)−
n−s∑

j=0

((
n− s

j

) s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

))
, 0 ≤ s ≤ n

.�KBi bBM/ /B2 Q#2M �M;2bT`Q+?2M2M SQHvMQK2 /Q+? MQ+? /m`+? "BMQKB�HFQ2{xB2Mi2M �mb;2/`Ƀ+FiX
C2ixi #H2B#i MQ+? xm #2r2Bb2M- /�bb /B2b2 a+?Hmbb7Q`K2H 7Ƀ` �HH2 q2`i2 /2` h�#2HH2 �m+? /B2 _2Fm`bBQMb@
FQMbi`mFiBQM /2` h�#2HH2 2`7ɃHHi, xn,s + xn,s+1 + 2n+1 = xn+1,s+1

"2r2Bb, qB` 7Ƀ?`2M /2M "2r2Bb `Ƀ+Fr `ib mM/ bi�`i2M �HbQ #2B /2` "2?�mTimM;- r2H+?2 rB`  [mBp�H2Mi
bQ H�M;2 mK7Q`K2M- #Bb 2BM2 r�?`2 �mbb�;2 2Mibi2?iX

2n(2s+ 1)−
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+

2n(2s+ 3)−
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)
+ 2n+1 ?

=

2n+1(2s+ 3)−
∑n−s

j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

�HH2 pQ`FQKK2M/2M wr2B2`TQi2Mx2M ?2#2M bB+? r2;, 2n(2s+ 1) + 2n(2s+ 3) + 2n+1 !
= 2n+1(2s+ 3)

.�KBi Bbi /B2 :H2B+??2Bi /B2b2` "2bi�M/i2BH2 ;2x2B;i mM/ 2b #H2B#i MQ+? 6QH;2M/2b xm #2r2Bb2M,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

) ?
=

∑n−s
j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

oQM /2` amKK2 /2` `2+?i2M a2Bi2 b+?`2B#2M rB` /2M H2ixi2M amKK�M/2M b2T�`�i,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

) ?
=

(n−s
n−s

)∑s+1−(n−s)
k=0 (s− (n− s)− k + 2)

(s+3
k

)
+
∑n−s−1

j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)
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J�M 2`F2MMi- /�bb M2#2M /2M wr2B2`TQi2Mx2M SQHvMQK2 pQM BKK2` ?ƺ?2`2K :`�/ BM m bm#i`�?B2`i
r2`/2MX P# /B2b2 SQHvMQK2 bB+? /m`+? "BMQKB�HFQ2{xB2Mi2M �mb/`Ƀ+F2M H�bb2M- #H2B#i pQ`2`bi Qz2MX

aQ #BM B+? xm`Ƀ+F;2F2?`i xmK 2`bi2M q2; KBi /2M .Bz2`2Mx2M7QH;2MX wm2`bi rQHHi2 B+? /B2 _�M/x�?H2M
rs,j 7Ƀ` /B2 aT�Hi2 s #2biBKK2MX q ?`2M/ 7Ƀ` �HH2 s /B2 2`bi2 7Ƀ` j = 0 KBi rs,0 = 2s−1 bQ7Q`i FH�` r�`-
Kmbbi2 /B2 H2ixi2- �# /2` /�MM H�mi2` EQMbi�Mi2M �m7i`2i2M- #2biBKKi r2`/2MX L�+? 2BMB;2K am+?2M
2`;�# bB+?,

rs,s+1 = 2s(2s+ 1)

.�b Bbi /B2 EQMbi�Mi2- pQM /2` �mb bB+? /B2 �M/2`2M _�M/x�?H2M rs,s- rs,s−1- XXX - rs,0 �#bi2B;2M/ #2@
biBKK2M H�bb2MX .�b ;2b+?B2?i /m`+? 7Q`iH�m72M/2b am#i`�?B2`2M pQM "BMQKB�HFQ2{xB2Mi2M- pQM /2M2M
HBM2�` �#M2?K2M/2 oB2H7�+?2 ;2MQKK2M r2`/2M KɃbb2MX G M;2`2b S`Q#B2`2M HB272`i2 b+?HB2bbHB+?,

rs,j = 2s(2s+ 1)−
s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

)

6Ƀ` j = 0 p2`}xB2`i K�M KBii2Hb /2` 6Q`K2H
∑n

k=0 k
(n
k

)
= n · 2n−1- /�bb rs,0 = 2s − 1X 6Ƀ` j = s 2`;B#i

bB+? FQ``2Fi2`r2Bb2 rs,s = 2s(2s+ 1)− 1 mM/ 7Ƀ` j > s r2;2M /2` r2;7�HH2M/2M amKK2 /2` FQMbi�Mi2
q2`i 2s(2s+1)X aQ#�H/ K�M /B2 _�M/x�?H2M F2MMi- F�MM K�M 7Ƀ` D2/2b s /B2 m`bT`ɃM;HB+?2 6QH;2 xn,s
/m`+? /�b �m7�//B2`2M /2` KBi "BMQKB�HFQ2{xB2Mi2M ;2rB+?i2i2M _�M/x�?H2M #2`2+?M2M,

xn,s =
n−s∑

j=0

(
n− s

j

)
rs,j =

n−s∑

j=0

(
n− s

j

)(
2s(2s+ 1)−

s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

))

.� /2` 2`bi2 amKK�M/ BM /2` EH�KK2` MB+?i pQM j �#? M;i- FƺMM2M rB` p2`2BM7�+?2M mM/ 2`?�Hi2M,

xn,s = 2n(2s+ 1)−
n−s∑

j=0

((
n− s

j

) s−j∑

k=0

(s− j − k + 1)

(
s+ 2

k

))
, 0 ≤ s ≤ n

.�KBi bBM/ /B2 Q#2M �M;2bT`Q+?2M2M SQHvMQK2 /Q+? MQ+? /m`+? "BMQKB�HFQ2{xB2Mi2M �mb;2/`Ƀ+FiX
C2ixi #H2B#i MQ+? xm #2r2Bb2M- /�bb /B2b2 a+?Hmbb7Q`K2H 7Ƀ` �HH2 q2`i2 /2` h�#2HH2 �m+? /B2 _2Fm`bBQMb@
FQMbi`mFiBQM /2` h�#2HH2 2`7ɃHHi, xn,s + xn,s+1 + 2n+1 = xn+1,s+1

"2r2Bb, qB` 7Ƀ?`2M /2M "2r2Bb `Ƀ+Fr `ib mM/ bi�`i2M �HbQ #2B /2` "2?�mTimM;- r2H+?2 rB`  [mBp�H2Mi
bQ H�M;2 mK7Q`K2M- #Bb 2BM2 r�?`2 �mbb�;2 2Mibi2?iX

2n(2s+ 1)−
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+

2n(2s+ 3)−
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)
+ 2n+1 ?

=

2n+1(2s+ 3)−
∑n−s

j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

�HH2 pQ`FQKK2M/2M wr2B2`TQi2Mx2M ?2#2M bB+? r2;, 2n(2s+ 1) + 2n(2s+ 3) + 2n+1 !
= 2n+1(2s+ 3)

.�KBi Bbi /B2 :H2B+??2Bi /B2b2` "2bi�M/i2BH2 ;2x2B;i mM/ 2b #H2B#i MQ+? 6QH;2M/2b xm #2r2Bb2M,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

) ?
=

∑n−s
j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

oQM /2` amKK2 /2` `2+?i2M a2Bi2 b+?`2B#2M rB` /2M H2ixi2M amKK�M/2M b2T�`�i,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s−1

j=0

(n−s−1
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

) ?
=

(n−s
n−s

)∑s+1−(n−s)
k=0 (s− (n− s)− k + 2)

(s+3
k

)
+
∑n−s−1

j=0

(n−s
j

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

C2ixi FƺMM2M rB` /B2 xr2Bi2 amKK2 /2` HBMF2M a2Bi2 M�+? `2+?ib M2?K2M mM/ /B2 :`mM/B/2MiBi i /2`
"BMQKB�HFQ2{xB2Mi2M �mb /2K S�b+�H@.`2B2+F �Mr2M/2M,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+3
k

)
+
∑n−s−1

j=0

((n−s
j

)
−
(n−s−1

j

))∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

.� BK M +?bi2M a+?`Bii /2` M2m 2Mibi2?2M/2 "BMQKB�HFQ2{xB2Mi /B2 mMi2`2 w�?H j−1 �m7r2Bbi- FƺMM2M
rB` /2M amKK�iBQMbBM/2t j /2` H2ixi2M amKK2 �# R �Mbi�ii �# y H�m72M H�bb2MX aQ 2`?�Hi2M rB`,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+3
k

)
+
∑n−s−1

j=1

(n−s−1
j−1

)∑s+1−j
k=0 (s− j − k + 2)

(s+3
k

)

LmM bm#biBimB2`2M rB` /Q`i j′ = j − 1,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+3
k

)
+
∑n−s−2

j′=0

(n−s−1
j′
)∑s−j′

k=0 (s− j′ − k + 1)
(s+3

k

)

.B2 #2B/2M amKK2M Ƀ#2` j b+?`2B#2M rB` �m7 /B2 HBMF2 a2Bi2 mM/ 2`b2ix2M j′ /m`+? j,
∑n−s

j=0

(n−s
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+3
k

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+3
k

)

LmM i2BH2M rB` /B2 "BMQKB�HFQ2{xB2Mi2M KBi B?`2` :`mM/B/2MiBi i bQ �m7- /�bb �HH2 2BM?2BiHB+? �mbb2?2M-
M KHB+? Q#2M 2Mir2/2` n− s− 1 Q/2` s+ 2 ?�#2M,
∑n−s

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s

j=0

(n−s−1
j−1

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)

−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k−1

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+2
k

)
+
∑2s+1−n

k=0 (2s− n− k + 2)
(s+2
k−1

)

C2ixi KɃbb2M rB` /B2 amKK�iBQMb;`2Mx2M �MT�bb2M- /� ;2rBbb2 "BMQKB�HFQ2{xB2Mi2M p2`b+?rBM/2M,
∑n−s−1

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
+
∑n−s

j=1

(n−s−1
j−1

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)

−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=0(s− j − k + 1)

(s+2
k

)
−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=1(s− j − k + 1)

(s+2
k−1

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+2
k

)
+
∑2s+1−n

k=1 (2s− n− k + 2)
(s+2
k−1

)

oQM /2` 2`bi2M mM/ /`Bii2M amKK2 #H2B#i Mm` MQ+? 2BM amKK�M/ 7Ƀ` j = n− s− 1 Ƀ#`B; mM/ BM /2`
xr2Bi2M amKK2 2`b2ix2M rB` /2M amKK�iBQMbBM/2t j′ = j − 1,
(n−s−1
n−s−1

)∑2s+1−n
k=0 (2s− n− k + 2)

(s+2
k

)
+
∑n−s−1

j′=0

(n−s−1
j′
)∑s−j′−1

k=0 (s− j′ − k)
(s+2

k

)

−
∑n−s−2

j=0

(n−s−1
j

)∑s−j
k=1(s− j − k + 1)

(s+2
k−1

) ?
=

∑2s+1−n
k=0 (2s− n− k + 2)

(s+2
k

)
+
∑2s+1−n

k=1 (2s− n− k + 2)
(s+2
k−1

)

C2ixi ?2#i bB+? /B2 2`bi2 amKK2 /2` `2+?i2M KBi /2` 2`bi2M amKK2 /2` HBMF2M a2Bi2 r2;X �Mbi2HH2 pQM j′

b+?`2B#2M rB` rB2/2` j mM/ �mbb2`/2K b2ix2M rB` BM xr2B amKK2M- /B2 KBi k = 1 #2;BMM2M- k′ = k− 1,
∑n−s−1

j=0

(n−s−1
j

)∑s−j−1
k=0 (s− j − k)

(s+2
k

)
−
∑n−s−2

j=0

(n−s−1
j

)∑s−j−1
k′=0 (s− j − k′)

(s+2
k′
) ?
=

∑2s−n
k′=0 (2s− n− k′ + 1)

(s+2
k′
)

oQM /2` HBMF2M a2Bi2 #H2B#i Mm` MQ+? 2BM amKK�M/ 7Ƀ` j = n− s− 1 Ƀ#`B;- mM/ rB2/2` b+?`2B#2M rB`
bi�ii k′ MmM k,
(n−s−1
n−s−1

)∑s−(n−s−1)−1
k=0 (s− (n− s− 1)− k)

(s+2
k

) !
=
∑2s−n

k=0 (2s− n− k + 1)
(s+2

k

)

.�KBi Bbi /B2 :H2B+??2Bi #2bi iB;iX


