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G� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

oû`Bi�#H2 +?27 /ǶQ2mp`2 /2 H� i?ûQ`B2 /2b MQK#`2b- H� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2 � ûiû /û+Qmp2`i2
BM/ûT2M/�KK2Mi T�` G2QM?�`/ 1mH2` 2M Rd3j 2i �/`B2M@J�`B2 G2;2M/`2 2M Rd38X *�`H 6`B2/`B+? :�mbb
2M /QMM� mM2 T`2KBĕ`2 /ûKQMbi`�iBQM +QKTHĕi2 2M R3yR 2i QM +QKTi2 �mDQm`/Ƕ?mB THmb /2 kyy T`2mp2b
`2+2Mbû2b bm` H� T�;2 BMi2`M2i ?iiT,ffrrrX`xmb2`XmMB@?2B/2H#2`;X/2f�?#jf`+?`QMQX?iKHX LQmb
T`ûb2MiQMb B+B mM2 /2b T`2mp2b /2 :Qii?QH/ 1Bb2Mbi2BM UR3kj−R38kV [mB Mû+2bbBi2 T2m /2 T`û@`2[mBbX

R G2 H2KK2 /2 :�mbb 2i H2 T2iBi i?ûQ`ĕK2 /2 62`K�i

PM +QMbB/ĕ`2 mM MQK#`2 T`2KB2` p "= 2- mM 2MiB2` q MQM /BpBbB#H2 T�` p 2i mM 2MiB2`
k ∈ {1, 2, . . . , N} �p2+ N = p−1

2 X S�` /BpBbBQM 2m+HB/B2MM2- QM T2mi i`Qmp2` /2b MQK#`2b
ak = $kq/p% 2i rk ∈ {1, 2, . . . , p− 1} i2Hb [m2 kq = akp+ rkX

kq p
XXX ak
rk

PM TQb2 �HQ`b r̂k = rk bB rk ! N - r̂k = rk − p bB rk > N 2i QM MQi2 n H2 MQK#`2 /2 p�H2m`b /2 k TQm`
H2b[m2HH2b r̂k < 0X

1z2+imQMb H2 T`Q/mBi KQ/mHQ p /2 iQmb H2b MQK#`2b kq ≡ rk UTQm` k = 1, 2, . . . , NV ,

qNN ! ≡
N∏

k=1

rk ≡
N∏

k=1

r̂k = (−1)n
N∏

k=1

|r̂k|.

G2b N MQK#`2b 2MiB2`b |r̂k| pû`B}2Mi +H�B`2K2Mi 1 ! |r̂k| ! N 2i BHb bQMi iQmb /Bzû`2Mib , bB r̂k = r̂s- QM
�m`�Bi rk = rs- /QM+ (k − s)q = (ak − as)p- K�Bb p M2 /BpBb2 MB q MB |k − s| < N - b�m7 bB k = sX .2
KāK2- bB r̂k = −r̂s- QM �m`�Bi rk + rs = p- /QM+ (k+ s)q = (1+ as + ak)p- K�Bb +QKK2 p M2 /BpBb2 MB q
MB k+ s ∈ {2, 3, . . . , p− 1}- H� bmTTQbBiBQM BMBiB�H2 2bi �#bm`/2X �BMbB HǶ2Mb2K#H2 {|r̂k| : 1 ! k ! N} 2bi
bBKTH2K2Mi {1, 2, . . . , N} 2i H� +QM;`m2M+2 +B@/2bbmb /2pB2Mi qNN ! ≡ (−1)nN !X *QKK2 p M2 /BpBb2
T�b N !- QM 2M /û/mBi [m2 qN ≡ (−1)n (mod p)X *2ii2 +QM;`m2M+2 +QMbiBim2 H2 H2KK2 /2 :�mbb 2i H2
T2iBi i?ûQ`ĕK2 /2 62`K�i 2M /û+QmH2 BKKû/B�i2K2Mi , p /BpBb2 (qN − 1)(qN +1) = qp−1− 1- �mi`2K2Mi
/Bi qp−1 ≡ 1 KQ/mHQ p UHQ`b[m2- `�TT2HQMb@H2- q MǶ2bi T�b /BpBbB#H2 T�` H2 MQK#`2 T`2KB2` pVX

G2KK2 /Ƕ1Bb2Mbi2BMX amTTQbQMb [m2 HǶ2MiB2` q bQBi BKT�B` 2i 2z2+imQMb H� bQKK2 /2b MQK#`2b kq ,

q
N∑

k=1

k = p
N∑

k=1

ak +
N∑

k=1

rk = p
N∑

k=1

ak +
N∑

k=1

r̂k + np.

JQ/mHQ k- QM � p ≡ q ≡ 1 ≡ −1- /QM+ QM T2mi û+`B`2
∑

k ≡
∑

ak +
∑

|r̂k| − nX *QKK2 H2b
2Mb2K#H2b {|r̂k| : 1 ! k ! N} 2i {1, 2, . . . , N} +QśM+B/2Mi- QM � n ≡

∑
ak (mod 2)- +2 [mB T2`K2i /2

`ûû+`B`2 H2 H2KK2 /2 :�mbb bQmb H� 7Q`K2 qN ≡ (−1)S (mod p) �p2+ S =
N∑

k=1

ak =
N∑

k=1

⌊
kq

p

⌋
X
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k _ûbB/mb [m�/`�iB[m2b

JQ/mHQ p- H2b MQK#`2b 12, 22, . . . , N2 U�p2+ N = p−1
2 V `2T`ûb2Mi2Mi iQmb H2b +�``ûb MQM MmHb U+�`

(p − a)2 ≡ a2V 2i bQMi iQmb /Bzû`2Mib , bB a2 ≡ b2 (mod p)- �HQ`b p /BpBb2 a2 − b2 = (a − b)(a + b)
K�Bb M2 TQmp�Mi /BpBb2` a+ b ∈ {2, 3, . . . , 2N}- BH /BpBb2 |a− b| ∈ {0, 1, . . . , N − 1}- /QM+ a = bX *2b N
MQK#`2b /BbiBM+ib 12, 22, . . . , N2 bQMi 2t�+i2K2Mi H2b `�+BM2b UKQ/mHQ pV /m TQHvMƬK2 P (x) = xN − 1
/2 /2;`û N X hQmDQm`b T�` H2 T2iBi i?ûQ`ĕK2 /2 62`K�i- H2b MQK#`2b [mB M2 bQMi T�b +QM;`mb ¨ /2b
+�``ûb /Ƕ2MiB2`b �MMmH2Mi H2 TQHvMƬK2 xp−1 − 1 = (xN − 1)(xN + 1) K�Bb +QKK2 BHb MǶ�MMmH2Mi T�b
xN − 1 U/QMi H2b `�+BM2b MQM MmHH2b pB2MM2Mi /Ƕāi`2 `2+2Mbû2bV- BHb �MMmH2Mi xN + 1X SQm` `ûbmK2`- qN
2bi +QM;`m ¨ R Qm ¨ −1 b2HQM [m2 q 2bi +QM;`m Qm MQM ¨ mM +�``ûX G2;2M/`2 � /û}MB H2 bvK#QH2

(
q
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=

{
+1 bǶBH 2tBbi2 x i2H [m2 p /BpBb2 q − x2

−1 bBMQM

PM � �HQ`b
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≡ qN (mod p) 2i QM T2mi `2K�`[m2` [m2

(
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TQm` iQmi 2MiB2` k ∈ ZX

.2 THmb- bB q 2bi BKT�B`- �HQ`b
(
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1t2KTH2b
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2p− 1
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S =
N∑

k=1
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k(2p− 1)
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k=1

⌊
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=

N∑
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PM � H2b û[mBp�H2M+2b
(
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)
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∈ 2N- p ∈ (4N+ 1)X
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2
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S =
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⌊
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∈ 4N Qm p+ 1
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p ∈ (8N+ 1) Qm p ∈ (8N− 1)X
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N = mN
1 mN

2 ≡
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p

)(
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KQ/mHQ p- bB #B2M [m2 H2b /2mt 2ti`ûKBiûb- [mB p�H2Mi 1 Qm −1- bQMi û;�H2bX
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·
(
−1
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=
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2
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·
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−1
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)
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2
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= (8N+ 3)

PM T2mi û;�H2K2Mi /ûi2`KBM2`
(
−2

p

)
=

(
p− 2

p

)
= (−1)
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j G� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2

aB q != 2 2bi �mbbB mM MQK#`2 T`2KB2` U/Bzû`2Mi /2 pV- QM T2mi û+?�M;2` H2b `ƬH2b /2 p 2i qX PM � �HQ`b
(
q

p

)
= (−1)S �p2+ S =

(p−1)/2∑

k=1

⌊
kq

p

⌋
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(
p

q

)
= (−1)T �p2+ T =

(q−1)/2∑

k=1

⌊
kp

q

⌋
.

PM pQBi �BMbB [m2
(
p

q

)(
q

p

)
= (−1)S+T M2 /ûT2M/ [m2 /2 H� T�`Biû /2 S + T X

GǶ2Mb2K#H2 E =

{
1, 2, . . . ,

p− 1

2

}
×
{
1, 2, . . . ,

q − 1

2

}
+QMiB2Mi (p− 1)(q − 1)

4
ûHûK2Mib [m2 HǶQM T2mi

`ûT�`iB` 2M /2mt +�iû;Q`B2b , H2 bQmb@2Mb2K#H2 E1 [mB +QMiB2Mi H2b ûHûK2Mib (x; y) pû`B}�Mi y <
q

p
x 2i H2

bQmb 2Mb2K#H2 E2 [mB +QMiB2Mi +2mt pû`B}�Mi y >
q

p
x- +Ƕ2bi@¨@/B`2 x <

p

q
y UQM M2 T2mi T�b �pQB` y =

q

p
x

+�` H� 7`�+iBQM q

p
2bi B``û/m+iB#H2VX G2 MQK#`2 /ǶûHûK2Mib /2 +2b bQmb@2Mb2K#H2b 2bi `2bT2+iBp2K2Mi

∑

(x;y)∈E1

1 =

(p−1)/2∑

x=1

∑

y< q
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1 =

(p−1)/2∑

x=1

⌊
qx

p

⌋
= S 2i

∑

(x;y)∈E2

1 =

(q−1)/2∑

y=1

∑

x< p
q y

1 =

(q−1)/2∑

y=1

⌊
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q

⌋
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*QKK2 E 2bi `ûmMBQM /BbDQBMi2 /2 E1 2i E2- QM �

S + T =
(p− 1)(q − 1)

4
.

*2ii2 `2H�iBQM T2mi �mbbB āi`2 2tTHB[mû2 T�` HǶBHHmbi`�iBQM
+B@+QMi`2 U�p2+ p = 17 2i q = 13V 2i /ûKQMi`2 H� HQB /2
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p
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1
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SQm` āi`2 THmb 2tTHB+Bi2- QM T2mi 2MpBb�;2` /2mt bBim�iBQMbX

@ aB H2b MQK#`2b p 2i q bQMi iQmb H2b /2mt +QM;`mb ¨ j KQ/mHQ 9- �HQ`b (p− 1)(q − 1)

4
2bi BKT�B`- S

2i T QMi /2b T�`Biûb /Bzû`2Mi2b- 2i /QM+
(
p

q
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= −

(
q

p
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X

@ aB HǶmM U�m KQBMbV /2b MQK#`2b p 2i q 2bi +QM;`m ¨ R KQ/mHQ 9- �HQ`b (p− 1)(q − 1)

4
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(
p

q
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=
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q

p
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X

1t2KTH2X 1M miBHBb�Mi H� `û/m+iBQM KQ/mH�B`2 URV- H� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2 ULV 2i H� KmHiB@
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=
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�BMbB- BH 2tBbi2 mM 2MiB2` x i2H [m2 x2 − 23 2bi /BpBbB#H2 T�` Rj U2M 7�Bi x = 6 +QMpB2MiVX


